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DIMENSION-FREE ESTIMATES FOR RIESZ TRANSFORMS
RELATED TO THE HARMONIC OSCILLATOR

MACIEJ KUCHARSKI

ABSTRACT. We study LP bounds for two kinds of Riesz transforms on R? related
to the harmonic oscillator. We pursue an explicit estimate of their LP norms that
is independent of the dimension d and linear in max(p,p/(p — 1)).

1. INTRODUCTION

The aim of this paper is to prove a dimension-free estimate for the LP norm of
vectors of a specific kind of generalized Riesz transforms. Recall that the classical
Riesz transforms on R are the operators

Rif(z) =0, (=A) 2 f(z), i=1,...,d.

A well-known result concerning Riesz transforms, proved by Stein in [14], is the L?
boundedness of the vector of the Riesz transforms

Rf=(Rif,...,Raf)

with a norm estimate independent of d. Since then, the question about dimension-
free estimates for the Riesz transforms has been asked in various contexts. For
example Carbonaro and Dragicevi¢ proved in [I] a dimension-free estimate with an
explicit constant for the shifted Riesz transform on a complete Riemannian manifold.
Another path of generalizing the result of Stein is to consider operators of the form

R; = &;L712, (1.1)

where d; is an operator on L?(R%) and

d d
:Z Z5*5+az, a; > 0.
i=1

=1

Such Riesz transforms were studied systematically by Nowak and Stempak in [I3].
We will focus on the Riesz transforms of the form as in (L.1)) where L is the harmonic
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DIMENSION-FREE ESTIMATES FOR RIESZ TRANSFORMS 3
oscillator (L = —A + |z|%), i.e.

)

From this point J; and ¢; are defined as above.

This so-called Hermite-Riesz transform was introduced by Thangavelu in [15], who
proved its I” boundedness. Then a dimension-free estimate of its norm was proved
in [7] and [8], which later was sharpened by Dragicevi¢ and Volberg in [5] to an
estimate linear in max(p,p/(p — 1)).

In the first part we will give a result analogous to Theorem 10 from [I6], however
concerning a slightly altered operator, namely

R, =¢§L/"1/?
with

d
Ly=60;+1, L'=) L
=1

It arises as a result of swapping d; and 7 in the definition of R; = §L~Y2. As
explained in Section [3| the results from [16] do not apply to this operator. The key
step in the proof is, as in [16], the method of Bellman function but we use its more
subtle properties to achieve the goal.

In the second part we consider the vector of the Riesz transforms

R.f: <R1f7"'aRdf>7
where
Ry = 6:L7Y2,

Its boundedness was proved in [5] (where R; was denoted by R?), [7] and [8] with
an implicit constant independent of the dimension. Our goal is to give an explicit
constant. Due to reasons explained in Section [4] we will focus on proving the bound-
edness of the operator S defined as

Sf(z) = |a|L72f ().

We obtain it by an explicit estimate of the kernel of S. As a corollary we get a
dimension-free estimate of the norm of the vector of the operators

Ry =67 (L+2)7?

with each R! being the adjoint of R; = §;L~/? studied in [5] and [16].
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2. PRELIMINARIES

In order to define the operators L', L, R, and R; on L?>(R%) (later abbreviated as
L?) we introduce the Hermite polynomials and the Hermite functions. The Hermite
polynomials are given by

2 dTL 2
H,(z)=(—=1)"e" @e*‘r , z€R

or, equivalently, by
H,(z)=2xH, 1(x) —2(n — 1)H,_o(z), n>=2 z€R,
Hy(z) =1, Hi(z) = 2.

The Hermite functions are

1
ho(z) = ———e?H,(2), z € R.

\V2rnl/m
It is well known that the Hermite functions form an orthonormal basis of L*(R) and
that their linear span is dense in LP(R) for every 1 < p < oc.
For n = (ny,...,nq) € N with N = {0,1,2...} and z = (21,...,74) € R? we
define
ho(x) = Py (1) < - - By ().
We can see that {h,},cne is an orthonormal basis of L?. Throughout the paper we
will use D = lin{h, : n € N4} = lin{d;h, : n € N},
Let L' be the operator given on C>°(R¢) by
d
L'=> "L, Li=056+1 0 =0+
i=1
In a similar way we define on C>°(R?)
d
i=1
Since 0,0] = 0;0; + 2, we can also write
L'=L+2d. (2.1)
Note that the formal adjoint of §; with respect to the inner product on L? is
0; = =0y, + ;. We recall well-known relations concerning the Hermite functions.

Lemma 1. Forn € N andi=1,...,d we have

1. 5zhn($) — {(\)/Q_nihn—ei(x) Zf n; 7é 0

otherwise
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2. 8Fhy(z) = \/2(ni + 1)hpge, (),
3. Lih,(z) = (2n; + 3)hn(x),
4. Lih,(z) = (2n; + 1)h,(2).

Hence, the multivariate Hermite functions {h,},ene are eigenvectors of L' and
L corresponding to positive eigenvalues {\ },ene and {\, },cne respectively, where
N, =2|n|, +3d, \, = 2|n|, +d with |n|, =nq1 + -+ + ng for n = (ny,...,ny) € N%
It is well known that L (and L') are essentially self-adjoint on C°(R?) with the
self-adjoint extensions given by

Lf=Y N (fshayhn,  LE = An(fs hn) hn,

neNd neNd

where (-, -) denotes the L? inner product, acting on the domains

Dom(L') = {f € L*: > XZ[(f, hn)|* < 00},

neNd

Dom(L) = {f € L*: > A2|(f, hn)[* < o0}

neNd

Then R, = §fL'~'/? can be defined rigorously as

Rif =Y N2 (f ha) 67

neNd
and R; = 6L~ 1/? as

neNd

It is clear that R, and R; are bounded on L2,

In what follows we will often identify a densely defined bounded operator on a
Banach space with its unique bounded extension to the whole space. As for the
notation, we will abbreviate

17 =1/®, |, =, and

-l = Ml o o

=11

1/2
and for z = (z1,...,74) € R? we will use |z| = (Zd x2> . For 1 < p < oo we

denote p* = max (p, I%).
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3. RIESZ TRANSFORMS OF THE FIRST KIND

Let R'f = (R} f,..., R,f). The main result of this section gives an explicit esti-
mate for the LP norm of R/.

Theorem 2. For f € LP we have

1/p
RSl = ([ RA@Pa) < asor - vl

In order to prove Theorem [2, we will need some auxiliary objects. One can see
that L) = —92 4 a7 + 2, so we can write

d
- Z@i = L' —r, where r(z) = |z|° + 2d.

We will also need the operators M; defined on C°(R?) as
M; = 6,05 40676, = L' + (67,6 = L' - 2,
J#i
where

Note that in our case [0}, ;] = —2 < 0. This means that the crucial assumption from
[16] does not hold and the theory does not apply.

Non-zero elements of {c!0;hy, }pene (Where ¢, are the normalizing constants) form
an orthonormal system of eigenvectors of M; with eigenvalues {\ },cne. Thus, we
can define the self-adjoint extensions of M; by

Mif =) N (f, ¢4 hn) ot h
neNd
on the domain
Dom(M;) = {f € L*:+ Y N2[(f,cio7h,)|* < oo}
neNd

Having these operators, we can introduce the semigroups

1/2

_ —tL'Y/? i pmtM,
P =e and @)=

rigorously defined as

Pf=> ™ (fhaha, Qif =3 ™ (f,667h,) ¢ 6th,

neNd neNd
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Lemma 3. Leti=1,...,d. If f,g € D, then
<}%;j: £7> = __4J/P <‘5;ifﬁufvé%; §57> tdt.
0

Proof. The proof is analogous to the proof of Proposition 3 in [16] but we give it for
the sake of completeness. By linearity it is sufficient to prove the lemma for f = h,
and g = 6} hy, for some n, k € N¢. We proceed as follows:

11/2

—4/ <(5:Pthn, &Qiéjhk} tdt = —4/ <€7t)‘"
0 0

o
= AN (57 hy, 57 By / et ) ¢ gy
0

5;hn,—A2/%a%A2”5;hk>tcu

4)\/1/2
- b (67 hn, 0Py

1/2 1/2
(A0 + 22

Hence, we get
(87" ?hy,, 67 hy) + 4 / (87 Pihu, 0,Q107 b ) t dt

0
1/2
ax

= N2 (5, 07 hy) + ” ”
/ !/

2 <5:hn> 5;khk>

4/\/1/2
= | A2 - h (07 P, O3 P

n 2
11/2 1/2
(X072 + A2
If X)) = Aj, then the expression in parentheses is 0, otherwise 0;h, and & hy —
eigenvectors of M; — are orthogonal. O

We will also need a bilinear embedding theorem. First, for f = (f1,..., fx) : R x
(0,00) — RY we set

@, O = r(@)|(filz,1),..., fn(a 1))
+(Oufi(w,t), . B fu ()

d
+ Z |<amf1(‘r7t>7 s 7arifN($7t>)’2'

We also define two auxiliary functions F' and G. For f € D and g = (¢1,...,94)
with g; € D let

F(z,t) =P f(z) and G(z,t)=Qg(x)= (Q%gl(x), ol Qfgd(x)) )
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Theorem 4. Toke d > 2. Then we have

| [IP@oLiGE L. et < 667 = D1, o,
0

3.1. The Bellman function. In order to prove Theorem [ let us introduce the
Bellman function. Take p > 2 and let ¢ be its conjugate exponent. Define ( :
[0,00)* = [0, 00) by

82t2_q lf Sp

St q(qg —1)
%sp+<§—1>tq ifsP >t ’

6(8,t)=8”+tq+7{ o TETg

The Nazarov—Treil Bellman function is then the function

B(¢.n) = 38(CL[ml), ¢ eR™ neR™.

It was introduced by Nazarov and Treil in [II] and then simplified and used by
Carbonaro and Dragicevi¢ in [Il, 2] and by Dragic¢evi¢ and Volberg in [3] 4, 5]. Note
that B is differentiable but not smooth, so we convolve it with a mollifier ¢, to get
B.. = B x1,, where

1 x 1
V(r) = (G <E> and  Y(2) = Cpymee TP xpo (), T e R™MI™

Km1+me

and ¢y, m, is the normalizing constant. The functions B and ), are biradial and so
is By, hence there exists 3, : [0,00)* — [0, 00) such that

B(¢.n) = 368 (IC],[n]) -

We invoke some properties of 3, and B, that were proved in [5] and [9)].

Theorem 5. Let k € (0,1) and s,t > 0. Then we have

1 0< Bu(s,t) < (L+7) (s +K)P + (E+r)7),
2. 0 < 0sB(s,t) < Cpmax ((s + k)Pt + k),
0 < 0iB(s,t) < Cp(t +r)T

The function B, is smooth and for every z = (x,y) € R™*™2 there exists 1,, > 0
such that for w = (w1, wz) € R™M*™2 we have

3. (Hess(B,)(2)w,w) = T (rulwn|* + 75 wol?) .

There is a continuous function E, : R™*™2 — R such that
4. (VBu(2),2) > 2 (7‘,.@|$|2 + 7',;1|y|2) — KE(2) + Bg(z2),
5. | Bu(2)] < Crgmap (2”71 Jyl + [y + w71,
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3.2. Proof of Theorem [} Having defined the Bellman function, We proceed to the
proof. First we should emphasize that the presence of the term B, (z) in |4 I is the key
ingredient for the Bellman method to work despite the fact that [6* d;]) < 0. Because

of that, the proof of Lemma [6 is more involved than in [16].
Let

u(e, t) = (Pf(x), Quy(2)) = (Pf(x), Qo (@), - .., Qfga())

for x € R? and t > 0 and fix p > 2. We will use the Bellman function B, and
b, = B, ou with m; =1 and my = d. Our aim is to estimate the integral

I(n,e) / / (07 + A) (b)) (2, t) dwte=" dt,
where x(n) is a number depending on n and X,, = [-n,n]¢ so that {X,,},en is an

increasing family of compact sets such that R? = |, X,,.

Lemma 6. We have

lim inf lim inf I (n, ) / / |F(z,t)],|G(x,t)|, detdt.

e—0Tt n—ooo

Proof. In order to make formulae more compact, we will sometimes write 0,, instead
of 0;. The first step will be to prove that

(0F + A) (be) (@, t) = Y|F(2,1)],IG (2, 1)], — #r(2) E(ul, 1))
+r(x)B, 226 B (u(z,1))Qlgi(z). (3.1)

From the chain rule we get 0,,b.(x,t) = (VB (u(z,t)),0p,u(z,t)) for i = 0,...,d.
Then, again by the chain rule, we have

92 b (x,t) = (VBy(u(z, ), 02 u(z,t)) + (Hess(B,) (u(z, t))(0p,u(z, 1)), O, u(z, 1)) .
Summing for i = 0,...,d, we get

(07 + A) (be)(,t) = (VBy(u(z,1)), (07 + A)(u)(z,1))

+ Z (Hess(B,)(u(z, ) (0p,u(, 1)), Oy, u(z, 1)) .

By the definition of P, and @Q); we see that
(0f —=L')Pf =0

and

( )thz = ( )thz 2@@9@' = _QQigi-



DIMENSION-FREE ESTIMATES FOR RIESZ TRANSFORMS 10

Therefore, using the fact that —A = L' — r we get

(97 +A) (be) (2, 1) = r(x )<VB( (,1)), u(x, 1))
—228 By (u(z,1))Qlgi(x)

d
+ Z (Hess(B,.)(u(z, 1)) (9p,u(z, 1)), 8y,u(z, 1)) .

Next, inequalities [3] and [ from Theorem [f] and the inequality of arithmetic and
geometric means imply that

(07 + 8) (o)1) 2 (@) (P @)+ 7 Qg )]
~ (@B, (u(w,1)) + (@) B (u(z. 1)

Z o Be(u(z, 1)) thz( )
%ZnﬁB(H+M%QMH)
:7Tn|Pt ( )’* +277n_ |th< )|* —T(II)KEN(U(QJ,t))
+r(z)B, 220 B (u(z,t))Qigi(x)
2| F(, ]G (2, 1), — (w)E (u(, 1))
+r(z)B, 228 B (u(z,1))Qlg;(x).
In summary
(0F + A) (b) (@, t) Z9|F (2, )] |Gz, )], — kr(z) Ex(u(z, 1))
+ 7(z) B, 220 B, (u(x,1)Qlgi(x). (3:2)

The next step is to show that

r(z) 226 B(u(z,))Qlg:i(x) > 0. (3.3)
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We have the following equalities:

B o (2 — q)x*y'
ay(ﬂc,y) =qy +7{ B

Onl _ Ov/mi+---+mi _ i i

M o Vit Il
%, . 0B |

2 1—q
O [ n;
=(gn"" +~22-1q) - T
( ]! 7]

Using them, we may rewrite inequality (3.3)) as

: (IRl
(Ief? +2d) [ 1¢I” + [nl" + -

2 p 2 q
2P+ (2= 1) Inl

P>
2va+%2—@{bp' >0,

where ( = P,f(z) and n = Qyg(x). Then, we consider two cases.
Case 1: |C|" < |n|. We omit |z|* reducing (3.4) to

dI¢l” + (d = @)lnl* +v(d =2+ @) ¢ |nl*™ > 0.

Since ¢ < 2, this is true as long as d > 2.
Case 2: |¢|” = |n|?. In this case inequality (3.4]) becomes

(Jz]* + 2d) (1 + 2}%) I¢[P + <(|a:|2 +2d) (1 + %’V —~ 7) —2¢ — 2vy(2 — q)> In|* > 0.

We omit the first term, |z|> and |5|? in the above. Then we are left with proving

(3.4)

2
2d<1+—7—7> —2¢ — 4y + 2v¢ > 0.
q

Plugging the definition of v into this inequality and rearranging it, we arrive at
¢+ ¢*(—d —3) + q(3d — 6) +6d > 0,
which is true for 1 < ¢ <2 and d > 2.
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Having proved ({3.3)), we come back to (3.2]) and write
(07 + A) (be) (@, 1) = |F (2, )] |G (2, 1), — wr(2) By (u(z, 1))

+ 7(z) B, 223 By (u(r,1)Qigi(x) 5

—r(z)B(u(z,t)) + 2 Z Oy, B(u(,1))Qigi(x).

i=1
The last step is to show that
() En (u(z, )

and the difference between
d .
r(z)B(u(z,t)) — 2 0, B(u(,1)Qigi(x)
i=1
and

r(x)By 228 B(u(z,1)Qlgi(x)

are negligible.
First let us prove that u(z,t) is bounded on X,, x [0,400). Recall that

U([E, t) = (Ptf(aj)a th(l')) = (Ptf(x)a Q%gl(x% R Qfgd(gj)) ’
where
Ptf = Z eit)\g/Q <f7 hn) hn? thl - Z € t)\ll/Q <gz7 C 6* >C;l5;khn
neNd neNd
and f,g; € D. Since hy are continuous, they are bounded on X,,, thus
172
[P ()] <Y e ™ ((fy hu) [ Mo
keNd

for some constants M, ;. The above sum has only finitely many non-zero terms and
it is a decreasing function of ¢, so P, f(z) is bounded uniformly for all z € X, and
t > 0. A similar argument shows that each (g; is bounded.

Using inequality [5] from Theorem [f|and the previous paragraph, we see that there
exists a sequence {k(n)},en such that

[ @) Bt ) d < (3.6)

3IH
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Now we turn to estimating |B(u(x,t)) — B, (u(z,t))|. As we have shown, u[X,, X
[0, 400)] is bounded, which means that B is uniformly continuous on this set. There-
fore, for each n € N there exists x(n) satisfying (3.6) and such that for all z € X,
and t >0

|B(u(x,t)) - Bn(n)(“(x’t)” < / |B(u(l‘7t>) - B(u(m’t) - y)|¢n(n)(y) dy

B(0,r(n))

g%(/;v@nmJA. (3.7)

A similar reasoning shows that for each n € N there exists x(n) satisfying (3.6) and
(3.7) and such that for all z € X,,, t >0andi=1,...,d

0 Blute.0) - 0 B )| < 5 ([ 20taollas) . 39

n

Coming back to inequality (3.5)), we get

/ (@ + A) (buw) (2, 1) da

n

27/ \F(ﬂcat)l*lG(xat)LdI—/X k() () Exm) (u(z, 1)) de
+/ r(zx) (B,{(n)(u(x,t)) — B(u(:v,t))) dx

d

-2 /X S Qi) (0, Bui (u(, 1)) — 0, Blu(z, 1)) d

noi=1
Using conditions and . on k(n) we get
mm&/(&+AMmm@t /ﬂFxthxmdm
n—oo Xn

and by the monotone convergence theorem

liminf lim inf I (n, €) / / |F(z,t)],|G(x,t)|, detdt.

e—0t n—o00

Lemma 7. For f,g € D we have

1
lim sup lim sup I (n, &) > L]

e—0t  n—oo 2

(1712 + liglz) -
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Li(n,e) = / / 07 (bn(n)) (z,t) dote™ " dt,
Iy(n,e) = / / buny) (2, 1) dv te =" dt.

Then I(n,e) = I1(n,e) + Is(n,e). First we prove that lim,, . I>(n,e) = 0. Since

(n,e) Z/ / a5 ( (z,t) do te™" dt,

it is sufficient to prove that each summand tends to 0. We will present the proof for
the first term only, call it 1] (n,e). Let 2’ = (z9,...,74). Integrating by parts with
respect to x;, we get

L(n,e) = /0 / - Oy (b)) (n, 2, 1) = Oy, (bigny) (—n, 2/, t) da’ te™=" dt.

By the chain rule
Oy (buny) (1,2, 1) = O Byyiny (u(En, 2, 1)) 0y, P f (£n, 2)
+ (Vi By (u(£n, 2, 1)), 0, Qug(£n, 2')) .

Recall that f,g; € D and hence P f,Qlg; € D. Using item . of Theorem
and the fact that the Hermite functions converge to 0 rapidly we conclude that
lim,, o0 Io(n,€) = 0.

Now we turn to I;. Using Fubini’s theorem, we may interchange the order of

integration to get
Li(n,e) = / / 07 (buny) (z,t) te =" dt du.
X J0

Next, we use integration by parts on the inner integral twice, neglecting the boundary
terms (this is allowed by the same argument as in the previous paragraph). This

leads to
—/ / O (buny) (z,1) (1 — et)e =" dt du
» J0

:/ by (z,0) dx + 52/ / bi(n) (@, ) te™=" dt da
n wJ0
- 25/ / by (2, 1) e ' dt dx
</ by (,0) dr + &2 / / et dtdr.

Proof. Denote
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Denote the last two terms by [{(n) and I#(n,¢).
First we will show that lim sup,_,+ limsup,,_,, I3(n,e) = 0. Item 1] of Theorem
implies that

IF(n,e) < ssz/ /000 (|Pef ()7 + |Qug(z)|? + max (k(n)?, k(n)?)) te =" dt dx.

Taking x(n) satisfying (3.6]), (3.7) and (3.8)) and such that
1
(2n)? max (k(n)?, k(n)?) < —, (3.9)
n

we get

limsup I3 (n,¢) < £2C, / / (|P.f(2)]P + |Qug(x)|?) tdtde < Ce2.

n—oo
The last step is to estimate I} (n). Using item |1} of Theorem [5| again, we obtain

1+7 1+
Hn) < —= | (f@)]+r() de+—L [ (g(@)] +x(n)" do.
Xn Xn
We take € > 0, denote A = {z € R?: ¢|f(z)| > |r(n)|} and split these two integrals

as follows:

) < 52 [ @I+ ) dos [ (@)1 r) do
#1320 [ at@)l +wn)? do+ [ (oG] + o) da

1
<Lt (<1 PP+ (1 +<)lall?)

+ 1—i_TW(Zn)d ((1 + 671)]) K(n)P + (1 + 8’1)(1 /ﬁ(n)q) )

Since k(n) satisfies (3.9)), we get

] ) 14
lim sup lim sup I (n, ) < Tﬁy <||f||£ + ||9||Z>

e—0t+ n—00

and hence, as we have shown that other terms are negligible, we obtain

1
lim sup lim sup I(n, €) < ;7 (Hf”p+ gl )

e—0t n—00

Now we are ready to prove the bilinear embedding theorem.
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Proof of Theorem[d] Combining Lemma [6] and Lemma [7], we get

o0 1+ P
| [ iPeoLic. ol drea < 52 (151 lal)-

1
o L
Multiplying f by (%) " and g by the reciprocal of this number, we obtain

oo 1+~ <q>1/q <p)l/p
F(z,t),|G(x,t)|,dotdt < —— | | = + (= .
A LN - (p 2) 1l

1/ 1/
We need to show that 22 ((g> ! + <£) p) < 6(p* — 1). Recall that p > 2, so

2y
p*=pand 1 < ¢q < 2, hence

Ly ((a\"", (p\'7"\ _8+ala—1), i
W((@) “(1) )‘—2 ey
<(g+3)(a—1)(p—1) <6(p—1).

A proof of the last inequality can be found in [16, pp. 15-16]. If p < 2, we
swap p with ¢ and P,f with Q;g in the definition of by, i.e., it becomes b.(z,t) =
B.(Q:g(x), P.f(x)), and we proceed as before. Since p* = max(p, q), the conclusion
holds. [l

3.3. Proof of Theorem 2l Having proved the bilinear embedding theorem, we move
on to the main result of this section.

Proof. If d = 1, then, by (2.1, L' = L+2 and equations (4.8) and (4.9) imply that R’
is the adjoint of R from Section 5.4 of [16], so Theorem 10 (there) gives the desired
result. Now assume that d > 2. By duality, it is sufficient to prove that

1/2
< 48(p" — || f1], (Z\gz )

q

d
Z (Rif, 9:)

for any f,g; € D. Since D is dense in L? for 1 < p < oo, this will mean that R’ admits
a bounded extension to the whole L” space with the same norm. By Lemma [3, we
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have
d .
> (Rif.g) / Z1<6mf,athg>|tdt
i:1
/ /Z |00, Pof ()| + |2, P f (2)]) | 0:Qigi()| da t dt
R4
1/2
<if [ ( |axiPtf<x>|2> VIR | 160, dot d
R i=1
00 1/2
s [ ] 1P@oLIGE 0. detde < 4847 - 1)1, (Zm)
0 R
q
The last inequality follows from Theorem [4] O

4. RIESZ TRANSFORMS OF THE SECOND KIND

This section is devoted to estimating the norm of the vector of the Riesz transforms

Rif(x) = 6;L7 2 f(x).

As noted earlier, we will give a result similar to Corollary 1 from [5] but with an

explicit constant.
We want to estimate
» 1/p
(L fa)”
R4
Observe that for f € D it holds
Rif(x) = 6; L7V f(x) = (= 0y, + ;) L2 f ()
= 6, L7V f(x) + 22, L7YV2 f(2)
= R, f(x) + R} f(2).
Then Rf(z) = R f(z) + R2f(z) (with Rf(z) = (le(x), . ,Rdf(x)> and R! and
R? defined analogously), hence
Rf(@)| < |RYf(@)] + [R2f ()]

Rf(x)

and

|| < mesl, + 2, @)
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Theorem 10 from [16] gives the bound of 48(p* — 1) for the L? norm of R, so we
will focus on R2. Next, note that

d

1/2
[R*f(2)] =2 (Z \%L‘”zﬂx)f) = 2lz||L7V2f(2)],

i=1
which means that it is sufficient to deal with the operator |z|L~'/2, formally defined
on D as Sf(z) = |z|L~Y2f(x). This operator turns out to be bounded on all L?

spaces for 1 < p < oo.

Theorem 8. For 1 < p < oo we have ||S|| < 3.

p—p

In order to prove this theorem, we first derive an expression for the kernel of S,
i.e., a function K (x,y) such that

Sf(x)= [ K(z,y)f(y)dy for f€D.

R4

Lemma 9. For z,y € R? we have

>~ 1
K(x,y) =z —Ky(x,y) dt,
@)=l [ ZKie)
where

C z—y|® tanht 1
Ki(z,y) = —— N )ir2 exXp <_| | T |z + y|2> , Cg= —(27r> :

(sinh 2t 4 tanht a2,/

Proof. Equation (16) in [6] states that

S e) = g [, K ) d

with

(sinh 2t)4/2 sinh 2t

1 . lz —y| tanht| + P
= — X — - x .
(sinh 2t)4/2 P\ " Stanht 4 Y

1o~ 51
A= — / e — dt
VT Jo Vi

1 2
K(z,y) = ————— exp (—M coth 2t + (. y) )

Note also that
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Since D = lin{h,, : n € N9}, it is sufficient to prove the formula for f = h,,. We have

L—I/th( )_ )\ 1/2h \/_/ —t)\nh )\/Ed

1 / i
= — e hn(x)— dt
VT Jo Vit
I /001 K (s y)ha(y) dy dt
= — x n .
VEEOT Jo Vi Jeu PO
This integral is absolutely convergent, so we may interchange the order of integration

and the conclusion follows. O

Next we prove that the operator T' defined on LP, 1 < p < 00, as
Tf)= | K(zy)fly)dy
R
is bounded uniformly in d and p. This will mean that S is bounded on D in LP norm

and, by density, that it has a unique bounded extension to L? for 1 < p < oo with
the same norm. We want to use interpolation and our goal is to prove that

K(z,z)dz <2 and K(z,y)dz <3 (4.2)

R4 R4

for all z,y € R%. Clearly, we have
<1
mewz/vv‘—mmwﬁw
Rd Rd

/d |y|/ Kt (z,y)dtdz (4.3)
R
/|y—z|/ Ktzydtdz

so, by symmetry of K, it is sufficient to prove the ﬁrst inequality of (4.2) and the
following proposition.

Proposition 10. For y € R? it holds

/ |y—z|/ Kt (z,y)dtdz < (4.4)

Proof. We begin with an auxiliary computation:

r(&1) o
— —k|x\2 _ 2
I(k) = /Rd |x|e dx = NONGEE for k > 0. (4.5)
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To prove (4.5)), let Sy = ?E—dd/; denote the surface area of the unit sphere in the
3

d-dimensional Euclidean space. Then we can write

—klzI? © k2 d— Sd o] B .
- ’J}|e k|| dx_/o re k Td 1de7“: W/O x(d 1)/26 dr

I‘(d“) /2
F( ) Ldr)/2

NN

Coming back to (4.4)), in view of (4.5)) we have, for t > 0,

/| Ki(a,y)d : /| | ooyl tanht e g
- r=-———" r—ylexp | — — x

Rd v IRy (sinh 2¢)%/2 Jra TEPA ™ franht 4 Y

|

Cd T — y|2
<—4 - - d
(sinh 2t) 772 /Rd 2 y’eXp< dtanht |

2
:L/ 2| exp [ — 2] do
(sinh 20)272 Jou TP\ T S tann e

G 1

~ (sinh2t)4/2” \ 4tanht

72 T (L) (4tanh ¢) /2
(2m)2y/m T (%)  (sinh2t)d/2
1 T(%) (4tanh)“@tV?

- 242 /m T (%) (sinh2t)d/?

Plugging it into (4.4)), we get

> 1 1 D(4L) r° (4tanht) ™72 gt
/Iy—zl/ —Ki(z,y) dtdz < 5 (§>/ (4 tan )d/2 =
R o Vi 202/ T (%) Jo (sinh 2t) Vit

To estimate the last integral, we will use formula [12] 5.12.7]:

o 1
/ ——————dt = 4°'B(a, a),
o (cosht)
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where B denotes the beta function. We obtain
* (4tanh ) TV2 gp 4@D/2 o fganhe\ Y1 ;
- _ t
/o (sinh 2¢)4/2 /¢ 24/2 /0 ( t ) (cosh t)

< 2%-"—1 /OO ;ddt _od+1 4%—1]3 (ig)
o (cosht) 2°2

Finally, using the Legendre duplication formula (I'(2)['(z + 1) = 21722/7['(22)), we

get
/|y—z|/ Ktzy dtdz

gt Py NGOG

2d/%/‘ I'(%) TI'(d) V7l (d)

Now it remains to justify the first inequality of (4.2)).

Proposition 11. For x € R? we have

<1 1
/d |:L’\/ %Kt(x,y) dtdy < N +V2.
R 0

Proof. The first step is to compute the integral fRd Ki(x,y) dy. Observe that

- yl® tanht| Ly
ex x =
P ~ 4tanht 4 Y
P 2
1 1 tanht —
exp | —— y\/tanht - +x tanht | _ il -
4 tanht [tanht + tanht tanh? + ——
? 2
1 tanht —
exp | —=|y\/2coth(2t) + x fanit __ :
4 tanht + —L_ 2 coth(2t)
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hence
lz —y|* tanht 2
dy —
/RdeXp ( Atanht 4 v+l Y
s / Seoth(2)| ) d
exp | ————— exp | —— o =
Pl coth(2t) | Jga P
|m|2 A 4/2
e J—
T coth(2t) | \ 2 coth(2t) ’
so that

= ———-exp| — .
O honaz PP\ T2 coth(2t) ) \ 2coth(2t)

To estimate the integral with respect to ¢, we need to split it into two parts. Note
that for ¢ > 0, 3 < 2coth(2t). Let T € [0.95,0.96] denote the unique positive solution
of 2 coth(2t) = 2. Tt follows that 2 coth(2t) < 2 for 0 <t < 7. Thus, we obtain

D

d/2
1z |/ 1 |z A Q<
—————ex <
smh 2642 /¢ P  2coth(2t) | \ 2coth(2t)

t|z]?

\/'
d/2 _
Il/ " p( —2>
o\ 1 (4.6)

x| (27) d/2 ex HE
|z ( ; p( 5 t

= t|x|2 1 a2 | 2w (d+1)/2
|| (2r) d/2 exp | - | —=dt = |z (2m)"* | = = (2n) .

0 2 )Vt ]
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For the second part, when ¢ > 7 and 2 coth(2t) < %, calculations are as follows:
o 1 1 |z 47 4/2
|a:\/7 (sinh 2¢)4/2 \/¢ P <_200th(2t)> (2 coth(Zt)) i<
7|a)? > 1 Ar\Y? 1
e ( z )[ e (7) s

7'|x|2 1 dj2 >[4 472
|£C‘ exXp —T F (271') . E dt <

1
TV/e

In the second inequality we used the fact that sinh(2t) > % for t > 7. Combining
(4.6) and (4.7) and recalling the definition of K; completes the proof. O

o —7d
(2m) %2 24 / e M dt < (2m)"? 2d€T < (2m)™?.

Now we are ready to prove the main theorem of this section.
Proof of Theorem[8} Proposition Proposition (11} and (4.3)) imply that
K(z,2)dz <3 and K(z,y)dz < 3,
R R4
hence T is bounded on L' and L* with norm at most 3. Using the Riesz—Thorin
interpolation theorem we obtain ||T|,,, < 3 for 1 < p < oo and since S =T on D

— a dense subspace of L? for 1 < p < oo — S has a unique bounded extension to
L? with norm at most 3. U

Recollecting (4.1]), we see that Theorem |8 and Theorem 10 from [16] imply an L?
norm estimate for Rf = (le, e ,]—zidf>.

Theorem 12. For f € LP we have

(L

As a corollary of the above result we will prove one more theorem. Let

R*f = (Rif,..., Ryf)

5 - » 1/p
R/ Ry dr) <510 - DI,

with

R; f(x) = &;(L+2)"'? f(a).
It is worth noting that each R’ is the adjoint of R; = §; L'/ — the 'usual’ Riesz—
Hermite transform. To prove it, we check that (h,, Rihy) = (R;hp, hy). For the
left-hand side we use item 2l from Lemma, [I]
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(hny Rihi) = (hiy 07 (L +2) 7Ry = (A + 2) 7% (hny, 6 hy)

= 1/ 2(1{31 -+ 1)()\k + 2)_1/2 <hn7 hk+ei>

2(ki+1) =k (4.8)
_ 20|, +d+2 tn==~rK+e ‘
0 otherwise
For the right-hand side we use item [I}
(Rih, hi) = (S;L7 2Ry, hy) = A2 (Sihu, hy)
=V 2”1/\n 1/2 < n—e;s hk>
(4.9)

/_2n; ; _
_ m ifn— €; = k '
0 otherwise
Now we are ready to state the last theorem of this paper.

Theorem 13. For f € LP we have

1/p
R 7l = ([ R oPar) < 0s6r - i,

To prove this theorem, we perform a slightly more general calculation. For a > 0
we define L2

Uuf(z) = (L(L+2a)"") " f(z), feD.
Proposition 14. For 1 < p < oo we have |U,]|, ., < 2.

p—p S

Proof. We begin with a well-known fact: If A is a positive operator and ||A|| < 1
then

(I—A)Y*=1- chA" (4.10)

where

cn:< ) 522:)_1 and ch—l
Next, observe that

(L(L + 2a) )1/2 — (I —2a(L+2a)™)"*,
so, taking A = 2a (L +2a) n (4.10), we see that it is enough to prove that
H(L + 2a)” H < ia We proceed as in the proof of Theoreml First, we find
the kernel of (L + a)”", then prove its boundedness on L' and L> and finally use

interpolation.
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A computation similar to the proof of Lemma [J] shows that

(L+20)" f(2) = | K(z.y)f(y)dy for f €D,
R
where
K@wz/)emﬁ@wﬁ
0
and
~ B Cy |z —y|®> tanht 9 1
Kt(x’y)_WeXp<_4tanht_ e o= e

Since this time the kernel is symmetric, we only prove that

1
K d
» (z,y)dy < %

Calculations are as follows:

e~ 2t s y[>  tanht 2
K )dy = C, dtd
(z,y)dy = d/ / (sinh 2t) (sinh 232 P Atanht 4 =+l Y

e o — g’
—————— —— | dydt
d/o (sinh 2¢)4/2 /Rd P\ " gtannt | Y

N
Qe

&, c o 4y
- ST ¢
/ (sinh 2¢) (sinh 2t)4/2 / PN " tannt | Y
_ 72at /2
=Cy / (Smb 2172 (4 tanh ¢t)* dt

2‘1/2 (cosh t)4
—2at
/ Cosh t)d

We split the last integral into two parts — from 0 to 1 and from 1 to oo. The first
part can be estimated by

1 —2at 1 —2a

e 1—e
——dt < Bl A —

/0 (cosht)d " = /0 ‘ 2a
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[e] e—2at J e8] e—Qat
——dt =2 ——dt
/1 (cosht)? /1 (et + et)d
g 2d / e—2at€—td dt
1

—2a—d

and the second one by

_od€
T 2a+d

) 672at 1— 67211 672a7d
dt < 27
/0 (cosht)d 2a - 2a+d

1 + 2d67d672a _ 672a 1
< < —.
2a 2a

Adding, we get

This means that the operator V' defined as
Vi) = | K@y)f)dy
R
is bounded on L' and L* with norm at most % and the Riesz—Thorin interpolation
theorem gives its boundedness on LP for 1 < p < oo with the same upper bound

for the norm. Density of D implies that (L + 2a)”" has a unique bounded extension
to the whole LP space, 1 < p < oo, with norm at most % Applying (4.10) with

A =2a(L+2a)"" completes the proof. O
This leads us to the proof of Theorem [13]
Proof of Theorem [13] 1t is sufficient to note that for f € D
Rif=6(L+2) P f=aL " (LL+2))"" f=RUS.
Now Theorem [12] and Proposition [14] complete the proof. O

1/2

Finally, let us mention that in the light of (2.1]), a very similar argument (with Uy
instead of Uy) can be used to prove Theorem [2[ with the constant equal to 108.
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