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1. Waring’s problem

Waring’s problem asks whether for each natural number k there exists an inte-
ger s such that any natural number is the sum of at most s kth powers. Since every
number can be represented as the sum of ones, this is equivalent to the question
if there exists s such that the equation

xk1 + · · ·+ xks = N (1)

has any solutions in integers for all sufficiently large integers N .
Let rk,s(N) be the number of solutions of equation (1). We will follow the

method of Hardy, Littlewood and Ramanujan described in [1] to obtain the es-
timate of rk,s. Let A be a set of non-negative integers and let f(z) =

∑
a∈A z

a.
Then

f(z)s =
∞∑
n=0

rA,s(n)zn,

where rA,s(n) is the number of representations of n as the sum of s elements of
A. Since elements of A are non-negative, if we want to recover rA,s(n), we can
truncate this series to get the polynomial p(z) =

∑
a∈A
a6N

. Then

p(z)s =
sN∑
m=0

r
(N)
A,s (m)zm,

where r
(N)
A,s (m) is the number of representations of m as the sum of s elements of

A not exceeding N . For m 6 N we have r
(N)
A,s (m) = rA,s(m). If we let z = e(α) =

e2πiα, we get

F (α) = p(e(α)) =
∑
a∈A
a6N

e(aα)

and

F (α)s =
sN∑
m=0

r
(N)
A,s (m)e(mα).

Since ∫ 1

0

e(mα)e(−nα)dα =

{
1 if m = n

0 if m 6= n
,

we have

rA,s(N) =

∫ 1

0

F (α)se(−Nα)dα.
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If we want to apply this to Waring’s problem, we let A be the set of kth powers
and P = [N

1
k ]. Then

F (α) =
∑
a∈A
a6N

e(αa) =
P∑
n=1

e(αnk)

and

rk,s(N) = rA,s(N) =

∫ 1

0

F (α)se(−αN)dα.

Our aim is to estimate this integral.

2. Useful lemmas

First we establish some tools needed in the circle method.

Lemma 1. Let f be a continuously differentiable function and let U(t) =
∑

16n6t u(n).
Let a and b be non-negative integers with a < b. Then

b∑
n=a+1

u(n)f(n) = U(b)f(b)− U(a)f(a)−
∫ b

a

U(t)f ′(t)dt.

Proof. First observe that

f(n+ 1)− f(n) =

∫ n+1

n

f ′(t)dt

and

U(n)(f(n+ 1)− f(n)) =

∫ n+1

n

U(t)f ′(t)dt.
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Therefore

b∑
n=a+1

u(n)f(n) =
b∑

n=a+1

(U(n)− U(n− 1))f(n)

=
b∑

n=a+1

U(n)f(n)−
b−1∑
n=a

U(n)f(n+ 1)

= U(b)f(b)− U(a)f(a)−
b−1∑
n=a

U(n)(f(n+ 1)− f(n))

= U(b)f(b)− U(a)f(a)−
b−1∑
n=a

∫ n+1

n

U(t)f ′(t)dt

= U(b)f(b)− U(a)f(a)−
∫ b

a

U(t)f ′(t)dt.

Lemma 2. Let

Γ(x) =

∫ ∞
0

tx−1e−tdt

be the gamma function.
1. If x > 0, then Γ(x) > 1

e
.

2. If x ∈ [1, 2], then Γ(x) 6 1.

Proof.
1.
If x ∈ (0, 1), then we have

Γ(x) =

∫ ∞
0

tx−1e−tdt >
∫ 1

0

tx−1e−tdt >
1

e
.

If x > 1, then

Γ(x) =

∫ ∞
0

tx−1e−tdt >
∫ ∞
1

tx−1e−tdt >
∫ ∞
1

e−tdt =
1

e
.

2. Assume that x > 0 and compute the second derivative of Γ:

Γ′′(x) =
d2

dx2

∫ ∞
0

tx−1e−tdt =

∫ ∞
0

∂2

∂x2
tx−1e−tdt =

∫ ∞
0

tx−1 log2(t)e−tdt > 0.

Thus, Γ is convex for x > 0. Noting that Γ(1) = Γ(2) = 1, we get the desired
result.
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Theorem 3 (Dirichlet’s theorem). Let α and Q > 1 be real numbers. Then there
exist integers a and q such that 1 6 q 6 Q, (a, q) = 1 and∣∣∣∣α− a

q

∣∣∣∣ < 1

qQ
6

1

q2
.

Proof. Let N = [Q]. Suppose that {qα} ∈ [0, 1
N+1

) for some positive integer
q 6 N . Taking a = [qα], we get

0 6 {qα} = qα− [qα] = qα− a < 1

N + 1

and ∣∣∣∣α− a

q

∣∣∣∣ < 1

q(N + 1)
<

1

qQ
6

1

q2
.

Similarly, if {qα} ∈ [ N
N+1

, 1) for some positive integer q 6 N and if a = [qα] + 1,
then

N

N + 1
6 {qα} = qα− a+ 1 < 1.

This implies that ∣∣∣∣α− a

q

∣∣∣∣ < 1

q(N + 1)
<

1

qQ
6

1

q2
.

Now suppose that {qα} ∈ [ 1
N+1

, N
N+1

) for all q = 1, . . . , N . This means that there

are N numbers lying in N − 1 intervals [ i
N+1

, i+1
N+1

) (i = 1, . . . , N − 1). By the
pigeonhole principle, there exist integers i ∈ [1, N − 1] and 1 6 q1 < q2 6 N such
that

{q1α}, {q2α} ∈
[

i

N + 1
,
i+ 1

N + 1

)
.

Let q = q2 − q1 ∈ [1, N − 1] and a = [q2α]− [q1α]. Then

|qα− a| = |(q2α− [q2α])− (q1α− [q1α])| = |{q2α} − {q1α}| <
1

N + 1
<

1

Q
.

Definition 1. ‖α‖ = min(|n− α| : n ∈ Z) = min({α}, {1− α})

Observation.
1. ‖α + β‖ 6 ‖α‖+ ‖β‖ for all real numbers α and β.
2. |sin πα| = sinπ ‖α‖ for all real numbers α.

Fact 4. If 0 < α < 1
2
, then 2α < sinπα < πα.

Definition 2. e(t) = e2πit

7



Lemma 5. For every real number α and all integers N1 < N2∣∣∣∣∣
N2∑

n=N1+1

e(αn)

∣∣∣∣∣ 6 min

(
N2 −N1,

1

2 ‖α‖

)
6 min

(
N2 −N1,

1

‖α‖

)
.

Proof. Since |e(αn)| 6 1, we have∣∣∣∣∣
N2∑

n=N1+1

e(αn)

∣∣∣∣∣ 6 N2 −N1.

If α /∈ Z, then ‖α‖ > 0 and e(α) 6= 1. We have∣∣∣∣∣
N2∑

n=N1+1

e(αn)

∣∣∣∣∣ =

∣∣∣∣∣e(α(N1 + 1))

N2−N1−1∑
n=0

e(α)n

∣∣∣∣∣
=

∣∣∣∣e(α(N2 −N1))− 1

e(α)− 1

∣∣∣∣ 6 2

|e(α)− 1|

=
2∣∣e(α

2
)− e(−α

2
)
∣∣ =

2

|2i sinπα|

=
1

|sin πα|
=

1

sin π ‖α‖
6

1

2 ‖α‖
6

1

‖α‖

Lemma 6. Let α be a real number and let q and a be integers such that q > 1 and

(a, q) = 1. If
∣∣∣α− a

q

∣∣∣ 6 1
q2

, then

∑
16r6 q

2

1

‖αr‖
6 6q log q

Proof. The lemma holds for q = 1, so we can assume that q > 2. For each integer
r there exist integers s(r) ∈ [0, q

2
] and m(r) such that

s(r)

q
=

∥∥∥∥arq
∥∥∥∥ = ±

(
ar

q
−m(r)

)
.

Since (a, q) = 1, it follows that s(r) = 0 if and only if r ≡ 0 (mod q) and therefore
s(r) ∈ [1, q

2
] if r ∈ [1, q

2
]. Let α− a

q
= θ

q2
, where −1 6 θ 6 1. Then

αr =
ar

q
+
θr

q2
=
ar

q
+
θ′

2q
,
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where

|θ′| =
∣∣∣∣2θrq

∣∣∣∣ 6 |θ| 6 1.

From the triangle inequality we have

‖αr‖ =

∥∥∥∥arq +
θ′

2q

∥∥∥∥
=

∥∥∥∥m(r)± s(r)

q
+
θ′

2q

∥∥∥∥
=

∥∥∥∥s(r)q ± θ′

2q

∥∥∥∥
>

∥∥∥∥s(r)q
∥∥∥∥− ∥∥∥∥ θ′2q

∥∥∥∥
>
s(r)

q
− 1

2q
.

Let 1 6 r1 6 r2 6
q
2
. We will show that s(r1) = s(r2) if and only if r1 = r2. If

s(r1)

q
=
s(r2)

q
,

then

±
(
ar1
q
−m(r1)

)
= ±

(
ar2
q
−m(r2)

)
and

ar1 ≡ ±ar2 (mod q).

Since (a, q) = 1, we have r1 ≡ ±r2 (mod q) and r1 = r2 as 1 6 r1 6 r2 6
q
2
. Thus{∥∥∥∥arq

∥∥∥∥ : 1 6 r 6
q

2

}
=

{
s(r)

q
: 1 6 r 6

q

2

}
=

{
s

q
: 1 6 s 6

q

2

}
.

and ∑
16r6 q

2

1

‖αr‖
6
∑

16r6 q
2

1
s(r)
q
− 1

2q

= 2q
∑

16s6 q
2

1

2s− 1

6 2q
∑

16s6 q
2

1

s
6 2q(1 + log q

2
)

6 2q(1 + log q) 6 6q log q.
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Lemma 7. Let α be a real number. If
∣∣∣α− a

q

∣∣∣, where q > 1 and (a, q) = 1, then

for any V > 0 and natural number h

q∑
r=1

min

(
V,

1

‖α(hq + r)‖

)
6 8V + 24q log q.

Proof. Let α = a
q

+ θ
q2

for some −1 6 θ 6 1. Then

α(hq + r) = ah+
ar

q
+
θh

q
+
θr

q2

= ah+
ar

q
+

[θh] + {θh}
q

+
θr

q2

= ah+
ar + [θh] + δ(r)

q
,

where

−1 6 δ(r) = {θh}+
θr

q
< 2.

For r = 1, . . . , q let r′ be an integer such that {α(hq + r)} = ar+[θh]+δ(r)
q

− r′. Let

0 6 t 6 1− 1
q
. If

t 6 {α(hq + r)} 6 t+
1

q
,

then
qt 6 ar − qr′ + [θh] + δ(r) 6 qt+ 1.

It follows that

ar − qr′ 6 qt− [θh] + 1− δ(r) 6 qt− [θh] + 2

and
ar − qr′ > qt− [θh]− δ(r) > qt− [θh]− 2

Thus, ar − qr′ is in an interval containing exactly four distinct integers. If 1 6
r1 6 r2 6 q and ar1 − qr′1 = ar2 − qr′2, then ar1 ≡ ar2 (mod q). Since (a, q) = 1,
r1 ≡ r2 (mod q) and r1 = r2. It follows that for any t ∈ [0, 1− 1

q
] there are at most

four integers r ∈ [1, q] such that

{α(hq + r)} ∈ [t, t+ 1
q
]

Observe that
‖α(hq + r)‖ ∈ [t, t+ 1

q
]
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if and only if

{α(hq + r)} ∈ [t, t+ 1
q
] or 1− {α(hq + r)} ∈ [t, t+ 1

q
].

The second relation is equivalent to

{α(hq + r)} ∈ [t′, t′ + 1
q
]

for 0 6 t′ = 1 − 1
q
− t 6 1 − 1

q
. It follows that for any t ∈ [0, 1 − 1

q
] there are at

most eight integers r ∈ [1, q] such that ‖α(hq + r)‖ ∈ [t, t+ 1
q
].

For s = 0, 1, . . . let I(s) = [ s
q
, s+1

q
]. Let us estimate the sum

q∑
r=1

min

(
V,

1

‖α(hq + r)‖

)
.

If ‖α(hq + r)‖ ∈ I(0), then we can use the fact that min
(
V, 1
‖α(hq+r)‖

)
6 V .

If ‖α(hq + r)‖ ∈ I(s) for some s > 1, we have min
(
V, 1
‖α(hq+r)‖

)
6 1
‖α(hq+r)‖ 6

q
s
.

Since ‖α(hq + r)‖ ∈ I(s) for some s < q
2
, we have

q∑
r=1

min

(
V,

1

‖α(hq + r)‖

)
6 8V + 8

∑
16s< q

2

q

s
6 8V + 24q log q.

Lemma 8. Let α be a real number. If
∣∣∣α− a

q

∣∣∣ 6 1
q2

, where q > 1 and (a, q) = 1,

then for any U > 1 and natural number n∑
16k6U

min

(
n

k
,

1

‖αk‖

)
6

(
32n

q
+ 24U + 30q

)
log 4qU.

Proof. Let k = hq + r, where 1 6 r 6 q and 0 6 h < U
q

. Then

S =
∑

16k6U

min

(
n

k
,

1

‖αk‖

)
6

∑
06h<U

q

q∑
r=1

min

(
n

hq + r
,

1

‖α(hq + r)‖

)
.

If h = 0 and 1 6 r 6 q
2
, then by Lemma 6 we have

∑
16r6 q

2

min

(
n

r
,

1

‖αr‖

)
6
∑

16r6 q
2

1

‖αr‖
6 6q log q.

11



Otherwise 1
hq+r

< 2
(h+1)q

and thus

S 6 6q log q +
∑

06h<U
q

q∑
r=1

min

(
2n

(h+ 1)q
,

1

‖α(hq + r)‖

)

Observe that

∑
06h<U

q

1

h+ 1
6 1 + log

(
U

q
+ 1

)
6 2 log

(
U

q
+ 2

)
6 2 log (U + 2q) 6 2 log 4Uq.

Let V = 2n
(h+1)q

. Then by Lemma 7

S 6 6q log q +
∑

06h<U
q

q∑
r=1

min

(
2n

(h+ 1)q
,

1

‖α(hq + r)‖

)

6 6q log q +
∑

06h<U
q

(
16n

(h+ 1)q
+ 24q log q

)

6 6q log q +
16n

q

∑
06h<U

q

1

h+ 1
+ 24

(
U

q
+ 1

)
q log q

6 6q log q +
32n

q
log 4qU + 24U log q + 24q log q

6

(
32n

q
+ 24U + 30q

)
log 4qU.

Lemma 9. Let α be a real number. If
∣∣∣α− a

q

∣∣∣ 6 1
q2

, where q > 1 and (a, q) = 1,

then for any real numbers U and n we have

∑
16k6U

min

(
n,

1

‖αk‖

)
6

(
30q + 24U + 8n+

8Un

q

)
max(1, log q)
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Proof. We proceed as in the previous proof.

∑
16k6U

min

(
n,

1

‖αk‖

)

6
∑

06h<U
q

q∑
r=1

min

(
n,

1

‖α(hq + r)‖

)
6 6q log q +

∑
06h<U

q

(8n+ 24q log q)

6 6q log q +

(
U

q
+ 1

)
(8n+ 24q log q)

= 30q log q + 24U log q +
8Un

q
+ 8n

6

(
30q + 24U + 8n+

8Un

q

)
max(1, log q).

Definition 3.

∆d(f)(x) = f(x+ d)− f(x)

∆dl,...,d1 = ∆dl ◦∆dl−1
◦ · · · ◦∆d1

Lemma 10. Let N1, N2, N be integers such that N1 < N2 and 0 6 N2 −N1 6 N .
Let f be a real-valued function and

S(f) =

N2∑
n=N1+1

e(f(n)).

Then

|S(f)|2 =
∑
|d|<N

Sd(f),

where

Sd(f) =
∑
n∈I(d)

e(∆d(f)(n)) and I(d) = [N1 + 1− d,N2 − d] ∩ [N1 + 1, N2].

13



Proof.

|S(f)|2 = S(f)S(f)

=

N2∑
m=N1+1

e(f(m))

N2∑
n=N1+1

e(f(n))

=

N2∑
n=N1+1

N2∑
m=N1+1

e(f(m)− f(n))

=

N2∑
n=N1+1

N2−n∑
d=N1+1−n

e(f(n+ d)− f(n))

=

N2∑
n=N1+1

N2−n∑
d=N1+1−n

e(∆d(f)(n))

Note that{
N1 + 1 6 n 6 N2

N1 + 1− n 6 d 6 N2 − n
⇔


N1 + 1 6 n 6 N2

N1 + 1− d 6 n 6 N2 − d
−(N2 −N1 − 1) 6 d 6 N2 −N1 − 1

and N2 −N1 − 1 < N . Therefore

|S(f)|2 =

N2−N1−1∑
d=−(N2−N1−1)

∑
n∈I(d)

e(∆d(f)(n))

=
∑
|d|<N

∑
n∈I(d)

e(∆d(f)(n))

=
∑
|d|<N

Sd(f).

Lemma 11. Let N1, N2, N, l be integers such that l > 1, N1 < N2 and 0 6
N2 −N1 6 N . Let f be a real-valued function and

S(f) =

N2∑
n=N1+1

e(f(n)).

Then
|S(f)|2

l

6 (2N)2
l−l−1

∑
|d1|<N

· · ·
∑
|dl|<N

Sdl,...,d1(f),
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where
Sdl,...,d1(f) =

∑
n∈I(dl,...,d1)

e(∆dl,...,d1(f)(n))

and I(dl, . . . , d1) is some interval of consecutive integers contained in [N1 + 1, N2].

Proof. By induction on l. The case l = 1 has been proven in the previous lemma.
Assume that it is true for some l > 1. Using the inductive hypothesis and the
Cauchy-Schwarz inequality we get

|S(f)|2
l+1

=
(
|S(f)|2

l
)2

6

(2N)2
l−l−1

∑
|d1|<N

· · ·
∑
|dl|<N

|Sdl,...,d1(f)|

2

= (2N)2
l+1−2l−2

 ∑
|d1|<N

· · ·
∑
|dl|<N

|Sdl,...,d1(f)|

2

6 (2N)2
l+1−2l−2(2N)l

∑
|d1|<N

· · ·
∑
|dl|<N

|Sdl,...,d1(f)|2

By the previous lemma there is an interval

I(dl+1, dl, . . . , d1) ⊆ I(dl, . . . , d1) ⊆ [N1 + 1, N2]

such that
|Sdl,...,d1(f)|2 =

∑
|dl+1|<N

Sdl+1,dl,...,d1(f),

and thus

|S(f)|2
l+1

6 (2N)2
l+1−(l+1)−1

∑
|d1|<N

· · ·
∑
|dl|<N

∑
|dl+1|<N

Sdl+1,dl,...,d1(f).

Lemma 12. Let k > 1 and 1 6 l 6 k. Then

∆dl,...,d1(x
k) =

∑
j1+···+jl+j=k
j>0,j1,...,jl>1

k!

j!j1! · · · jl!
dj11 · · · d

jl
l x

j = d1 · · · dlpk−l(x),

where pk−l is a of polynomial degree k−l with leading coefficient k!
(k−l)! . If d1, . . . , dl

are integers, then pk−l has integer coefficients.
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Proof. By induction on l. For l = 1 we have

∆d1(x
k) = (x+ d1)

k − xk =
k−1∑
j=0

(
k

j

)
dk−j1 xj =

∑
j1+j=k
j>0,j1>1

k!

j!j1!
dj11 x

j.

Let 1 6 l 6 k − 1 and assume that the formula holds for l. Then

∆dl+1,dl,...,d1(x
k) = ∆dl+1

(
∆dl,...,d1(x

k)
)

=
∑

j1+···+jl+m=k
m>0,j1,...,jl>1

k!

m!j1! · · · jl!
dj11 · · · d

jl
l ∆dl+1

(xm)

=
∑

j1+···+jl+m=k
m,j1,...,jl>1

k!

m!j1! · · · jl!
dj11 · · · d

jl
l

∑
jl+1+j=m
j>0,jl+1>1

m!

j!jl+1!
d
jl+1

l+1 x
j

=
∑

j1+···+jl+m=k
m,j1,...,jl>1

∑
jl+1+j=m
j>0,jl+1>1

k!

j!j1! · · · jl!jl+1!
dj11 · · · d

jl
l d

jl+1

l+1 x
j

=
∑

j1+···+jl+jl+1+j=k
j>0,j1,...,jl,jl+1>1

k!

j!j1! · · · jl!jl+1!
dj11 · · · d

jl
l d

jl+1

l+1 x
j.

Since the multinomial coefficients k!
j!j1!···jl!

are integers, it follows that pk−l has
integer coefficients, provided that d1, . . . , dl are integers.

Corollary. Let f(x) = αxk + · · ·+ α0. Then

∆dk−1,...,d1(f)(x) = d1 · · · dk−1k!αx+ β.

Lemma 13. Let 1 6 l 6 k. If |d1| , . . . , |dl| , x 6 P , then ∆dl,...,d1(x
k) 6 (l+1)kP k.

Proof. By Lemma 12 we have

∣∣∆dl,...,d1(x
k)
∣∣ =

∣∣∣∣∣∣∣∣
∑

j1+···+jl+j=k
j>0,j1,...,jl>1

k!

j!j1! · · · jl!
dj11 · · · d

jl
l x

j

∣∣∣∣∣∣∣∣
6

∑
j1+···+jl+j=k
j>0,j1,...,jl>1

k!

j!j1! · · · jl!
P j1+···+jl+j

6
∑

j1+···+jl+j=k
j,j1,...,jl>0

k!

j!j1! · · · jl!
P k

= (l + 1)kP k.

16



Lemma 14. Let d(n) be the number of divisors of n. Then for any ε > 0 d(n) 6

dεn
ε, where dε = e

1
ε 21+ε

ε
.

Proof. Let n = pα1
1 · · · p

αk
k , where p1, . . . , pk are primes. Then

d(n) = (α1 + 1) · · · (αk + 1)

and
d(n)

nε
=

k∏
j=1

αj + 1

p
εαj
j

Now we can divide factors of the above product into two classes:
1. pj > e

1
ε . Then p

εαj
j > eαj > 1 + αj, so

αj+1

p
εαj
j

6 1. Thus, the overall contribution

of such factors is less then 1.
2. pj < e

1
ε . Let f(x) = x+1

2εx
for x > 0. Then

f ′(x) =
1− ε(x+ 1) log(2)

2εx

Solving f ′(x) = 0 we get x = 1
ε log(2)

− 1. It follows that

f

(
1

ε log(2)
− 1

)
=

2ε

eε log(2)

is the maximum of f and for every 1 6 j 6 k

αj + 1

p
εαj
j

6
αj + 1

2εαj
6

2ε

eε log(2)
.

If we want to bound that product from above we can neglect factors of class 1
and estimate the number of factors of class 2 by e

1
ε . Thus

d(n) 6 e
1
ε

2ε

eε log(2)
nε 6

e
1
ε 2ε

ε
nε =

dε
2
nε.

However, we double the constant so that this estimate is still valid if we count
both positive and negative divisors.

Lemma 15. Let k > 1, K = 2k−1 and ε > 0. Let f(x) = αxk + · · · + α0 be a
polynomial with real coefficients and

S(f) =
N∑
n=1

e(f(n)).

17



Then

|S(f)|K 6 k(2N)K−1 + 2K−1NK−kdkε
k2

(k!N)ε
k!Nk−1∑
m=1

min

(
N,

1

‖mα‖

)
.

Proof. Applying Lemma 11 with N1 = 0, N2 = N , l = k − 1 we get

|S(f)|K 6 (2N)K−k
∑
|d1|<N

· · ·
∑

|dk−1|<N

∣∣Sdk−1,...,d1(f)
∣∣ ,

where
Sdk−1,...,d1(f) =

∑
n∈I(dk−1,...,d1)

e(∆dk−1,...,d1(f)(n))

and I(dk−1, . . . , d1) = [N1+1, N2] ⊆ [1, N ]. Since |e(t)| = 1, we have
∣∣Sdk−1,...,d1(f)

∣∣ 6
N . By Lemma 12

∆dk−1,...,d1(f)(x) = d1 · · · dk−1k!αx+ β = λx+ β.

and by Lemma 5

∣∣Sdk−1,...,d1(f)
∣∣ =

∣∣∣∣∣∣
∑

n∈I(dk−1,...,d1)

e(∆dk−1,...,d1(f)(n))

∣∣∣∣∣∣
=

∣∣∣∣∣
N2∑

n=N1+1

e(λn+ β)

∣∣∣∣∣
=

∣∣∣∣∣
N2∑

n=N1+1

e(λn)

∣∣∣∣∣
6

1

‖λ‖
=

1

‖d1 · · · dk−1k!α‖
,

so we have ∣∣Sdk−1,...,d1(f)
∣∣ 6 min

(
N,

1

‖d1 · · · dk−1k!α‖

)
.

Therefore

|S(f)|K 6 (2N)K−k
∑
|d1|<N

· · ·
∑

|dk−1|<N

∣∣Sdk−1,...,d1(f)
∣∣

6 (2N)K−k
∑
|d1|<N

· · ·
∑

|dk−1|<N

min

(
N,

1

‖d1 · · · dk−1k!α‖

)
.

18



If d1 · · · dk−1 = 0, then min
(
N, 1
‖d1···dk−1k!α‖

)
= N . There are fewer than (k − 1)(2N)k−2

choices of d1, . . . , dk−1 such that d1 · · · dk−1 = 0, so

|S(f)|K 6 (2N)K−k(k − 1)(2N)k−2N

+ (2N)K−k
∑

16|d1|<N

· · ·
∑

16|dk−1|<N

min

(
N,

1

‖d1 · · · dk−1k!α‖

)

6 k(2N)K−1 + 2K−1NK−k
∑

16d1<N

· · ·
∑

16dk−1<N

min

(
N,

1

‖d1 · · · dk−1k!α‖

)
.

Since by Lemma 14 d(m) 6 dεm
ε, it follows that the number of choices of

d1, . . . , dk−1 such that m = d1 · · · dk−1k! is at most d(m)k−1 6 (dεm
ε)k−1. In

our case 1 6 d1 · · · dk−1k! 6 k!Nk−1, so

d(m)k−1 6 (dεm
ε)k−1 6 dkεm

εk = dkε
k
mε 6 dkε

k
(k!Nk)ε = dkε

k2
k!

ε
kN ε 6 dkε

k2
(k!N)ε.

Therefore

|S(f)|K 6 k(2N)K−1 + 2K−1NK−k
∑

16d16N

· · ·
∑

16dk−16N

min

(
N,

1

‖d1 · · · dk−1k!α‖

)

6 k(2N)K−1 + 2K−1NK−kdkε
k2

(k!N)ε
k!Nk−1∑
m=1

min

(
N,

1

‖mα‖

)
.

2.1. Weyl’s inequality

Theorem 16 (Weyl’s inequality). For k > 2 let f(x) = αxk + · · · + α0 be a
polynomial with real coefficients and suppose that there exist integers a and q such

that q > 1, (a, q) = 1 and
∣∣∣α− a

q

∣∣∣ 6 1
q2

. Let K = 2k−1, ε > 0 and

S(f) =
N∑
n=1

e(f(n)).

Then

|S(f)| 6 2N1+ε

(
dk ε

2k2K
k!ε

2kK

ε

) 1
K
(

30q

Nk
+

32k!

N
+

8k!

q

) 1
K

.

Proof. Since |S(f)| 6 N , the result follows if q > Nk. Thus, we will assume that
1 6 q < Nk. Then log q 6 k logN 6 k

ε
N ε. By Lemma 15 we have

|S(f)|K 6 k(2N)K−1 + 2K−1NK−kdkε
k2

(k!N)ε
k!Nk−1∑
m=1

min

(
N,

1

‖mα‖

)
.
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By Lemma 9 we have

k!Nk−1∑
m=1

min

(
N,

1

‖mα‖

)
6

(
30q + 24k!Nk−1 + 8N +

8k!Nk

q

)
max(1, log q)

6

(
30q + 32k!Nk−1 +

8k!Nk

q

)
k

ε
N ε

=
k

ε
Nk+ε

(
30q

Nk
+

32k!

N
+

8k!

q

)
.

Therefore

|S(f)|K 6 k(2N)K−1 + 2K−1NK−kdkε
k2

(k!N)ε
k!Nk−1∑
m=1

min

(
N,

1

‖mα‖

)
6 k(2N)K−1 + 2K−1NK−kdkε

k2
(k!N)ε

k

ε
Nk+ε

(
30q

Nk
+

32k!

N
+

8k!

q

)
6 2KNK+2εdkε

k2
k!ε

k

ε

(
30q

Nk
+

32k!

N
+

8k!

q

)
= 2KNK+εdkε

2k2
k!

ε
2

2k

ε

(
30q

Nk
+

32k!

N
+

8k!

q

)
Thus, taking Kth root and replacing ε with ε

K
, we get

|S(f)| 6 2N1+ε

(
dk ε

2k2K
k!

ε
2K

2kK

ε

) 1
K
(

30q

Nk
+

32k!

N
+

8k!

q

) 1
K

6 2N1+ε

(
dk ε

2k2K
k!ε

2kK

ε

) 1
K
(

30q

Nk
+

32k!

N
+

8k!

q

) 1
K

.

The next two theorems are applications of Weyl’s inequality:

Theorem 17. Let k > 2 and let a
q

be a rational number with q > 1 and (a, q) = 1.
Then

|S(q, a)| =

∣∣∣∣∣
q∑

x=1

e

(
axk

q

)∣∣∣∣∣ 6 2

(
dk ε

2k2K
60k!1+ε

2kK

ε

) 1
K

q1−
1
K
+ε.

Proof. Let f(x) = axk

q
, N = q and apply Weyl’s inequality:

|S(q, a)| 6 2q1+ε
(
dk ε

2k2K
k!ε

2kK

ε

) 1
K
(

30

qk−1
+

32k!

q
+

8k!

q

) 1
K

6 2

(
dk ε

2k2K
60k!1+ε

2kK

ε

) 1
K

q1−
1
K
+ε.
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Theorem 18. Let k > 2, N > 2 and let a
q

be a rational number with q > 1,

(a, q) = 1 and N
1
2 6 q 6 Nk− 1

2 . Then there exists δ > 0 such that∣∣∣∣∣
N∑
n=1

e

(
ank

q

)∣∣∣∣∣ 6 2

(
dk1−2δK

4k2K2
60k!1+

1
2K
−δ 4kK2

1− 2δK

) 1
K

N1−δ.

Proof. Apply Weyl’s inequality with f(x) = axk

q
:

|S(f)| 6 2N1+ε

(
dk ε

2k2K
k!ε

2kK

ε

) 1
K
(

30q

Nk
+

32k!

N
+

8k!

q

) 1
K

6 2N1+ε

(
dk ε

2k2K
k!ε

2kK

ε

) 1
K
(

30

N
1
2

+
32k!

N
+

8k!

N
1
2

) 1
K

6 2

(
dk ε

2k2K
60k!1+ε

2kK

ε

) 1
K

N1− 1
2K

+ε

= 2

(
dk1−2δK

4k2K2
60k!1+

1
2K
−δ 4kK2

1− 2δK

) 1
K

N1−δ

for any δ < 1
2K

, if we take ε = 1
2K
− δ.

2.2. Hua’s lemma

Theorem 19 (Hua’s lemma). For k > 2 let T (α) =
∑N

n=1 e(αn
k). Then∫ 1

0

|T (α)|2
k

dα 6 hkN
2k−k+ε, where hk = 22k+1

dkε
k2
kk.

Proof. We will prove by induction on j that∫ 1

0

|T (α)|2
j

dα 6 hjN
2j−j+ε, where hj = 22j+1

dkε
k2
kj.

for j = 1, . . . , k. If j = 1, we have∫ 1

0

|T (α)|2 dα =

∫ 1

0

T (α)T (−α)dα =
N∑
n=1

N∑
m=1

∫ 1

0

e(α(nk −mk))dα = N.

Let 1 6 j 6 k − 1 an assume that it is true for j. Let f(x) = αxk. By Lemma 12
∆dj ,...,d1(f)(x) = αdj · · · d1pk−j(x), where pk−j is a polynomial of degree k− j with
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integer coefficients. Applying Lemma 11 with N1 = 0, N2 = N and S(f) = T (α)
we get

|T (α)|2
j

6 (2N)2
j−j−1

∑
|d1|<N

· · ·
∑
|dj |<N

∑
n∈I(dj ,...,d1)

e(∆dj ,...,d1(f)(n))

6 (2N)2
j−j−1

∑
|d1|<N

· · ·
∑
|dj |<N

∑
n∈I(dj ,...,d1)

e(αdj · · · d1pk−j(n)),

where I(dj, . . . , d1) is an interval of consecutive integers contained in [1, N ]. Thus

|T (α)|2
j

6 (2N)2
j−j−1

∑
d

r(d)e(αd), (2)

where r(d) is the number of choices of |d1| , . . . , |dj| 6 N and n ∈ I(dj, . . . , d1)
such that d = d1 · · · djpk−j(n). Since the degree of pk−j is k − j, it follows that if
d 6= 0, then by Lemma 13 |d| 6 (j+1)kNk 6 kkNk and by Lemma 14 d(n) 6 dεn

ε,
so

r(d) 6 d(d)j+1(k − j) 6 (dε |d|ε)kk = dkε |d|
εk k 6 dkε(kN)εk

2

k = dkε
k2

(kN)εk.

If d = 0, we get

r(0) 6 j(2N)j−1N + (k − j)(2N)j 6 k(2N)j.

On the other hand

|T (α)|2
j

= T (α)2
j−1

T (−α)2
j−1

=

(
N∑
x=1

e(αxk)

)2j−1 (
N∑
y=1

e(αyk)

)2j−1

=
N∑

x1=1

· · ·
N∑

x
2j−1=1

N∑
y1=1

· · ·
N∑

y
2j−1=1

e

α
2j−1∑

i=1

xki −
2j−1∑
i=1

yki


=
∑
d

s(d)e(−αd), (3)

where s(d) is the number of representations of d in the form d =
∑2j−1

i=1 yki−
∑2j−1

i=1 xki
with 1 6 xi, yi 6 N . Then ∑

d

s(d) = |T (0)|2
j

= N2j .
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By the inductive hypothesis

s(0) =

∫ 1

0

|T (α)|2
j

dα 6 hjN
2j−j+ε.

From (2) and (3) follows that∫ 1

0

|T (α)|2
j+1

dα =

∫ 1

0

|T (α)|2
j

|T (α)|2
j

dα

6 (2N)2
j−j−1

∫ 1

0

∑
d′

r(d′)e(αd′)
∑
d

s(d)e(−αd)dα

= (2N)2
j−j−1

∑
d

r(d)s(d)

= (2N)2
j−j−1r(0)s(0) + (2N)2

j−j−1
∑
d 6=0

r(d)s(d)

6 (2N)2
j−j−1k(2N)jhjN

2j−j+ε + (2N)2
j−j−1dkε

k2
(kN)εk

∑
d6=0

s(d)

6 (2N)2
j+1−(j+1)+εkhj + (2N)2

j−j−1N εN2jdkε
k2
k1+ε

6 (2N)2
j+1−(j+1)+ε

(
khj + dkε

k2
k1+ε

)
= 22j+1−(j+1)+ε

(
k22j+1

dkε
k2
kj + dkε

k2
k1+ε

)
N2j+1−(j+1)+ε

6 22j+2

dkε
k2
kj+1N2j+1−(j+1)+ε = hj+1N

2j+1−(j+1)+ε.

2.3. Infinite products

Definition 4. Let α1, α2, . . . be a sequence of complex numbers and let pn =∏n
k=1 αk be the nth partial product. We say that the infinite product

∏∞
n=1 αn

converges to α 6= 0 if
∞∏
n=1

αn = lim
n→∞

pn = α.

Fact 20. If
∏∞

n=1 αn converges, then limn→∞ αn = 1.

Proof. limn→∞ αn = limn→∞
pn
pn−1

= 1.

Lemma 21. Let an > 0 for all n > 1. Then
∏∞

n=1(1 + an) converges if and only
if
∑∞

n=1 an converges.
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Proof. Let sn =
∑n

k=1 ak and pn =
∏n

k=1(1 + ak). Observe that

0 6
n∑
k=1

ak <
n∏
k=1

(1 + ak) 6
n∏
k=1

eak = e
∑n
k=1 ak ,

that is
0 6 sn < pn 6 esn .

Since both sequences are increasing, it follows that {sn} converges if and only if
{pn} converges.

Definition 5. We say that
∏∞

n=1(1 + an) converges absolutely if
∏∞

n=1(1 + |an|)
converges.

Lemma 22. If
∏∞

n=1(1 + an) converges absolutely, then it converges.

Proof. Let

pn =
n∏
k=1

(1 + ak), Pn =
n∏
k=1

(1 + |ak|).

The sequence {Pn} converges, so the series
∑∞

n=2(Pn − Pn−1) converges. Observe
that

|pn − pn−1| = |anpn−1| =

∣∣∣∣∣an
n−1∏
k=1

(1 + ak)

∣∣∣∣∣
6 |an|

n−1∏
k=1

(1 + |ak|) = |an|Pn−1 = Pn − Pn−1.

Therefore
∑∞

n=2 |pn − pn−1| converges,
∑∞

n=2(pn − pn−1) converges and so {pn}
converges.

Now we prove that this limit is not zero. Since
∏∞

n=1(1 + an) converges ab-
solutely, it follows from Lemma 21 that

∑∞
n=1 |an| converges and the sequence

{an} converges to zero. Therefore, for all sufficiently large integers n we have

|1 + an| > 1
2

and
∣∣∣− an

1+an

∣∣∣ 6 2 |an|. It follows that
∑∞

n=1

∣∣∣− an
1+an

∣∣∣ converges and∏∞
n=1

(
1− an

1+an

)
converges. Thus, the sequence

n∏
k=1

(
1− ak

1 + ak

)
=

n∏
k=1

1

1 + ak
=

1∏n
k=1(1 + ak)

=
1

pn

converges to a finite limit and so the limit of the sequence {pn} is nonzero.

Definition 6. A function f is multiplicative if f(mn) = f(m)f(n) for any rela-
tively prime positive integers m and n.
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Lemma 23. Let f be a multiplicative function that is not identically zero. If the
series

∑∞
n=1 f(n) converges absolutely, then

∞∑
n=1

f(n) =
∏
p∈P

(
1 +

∞∑
n=1

f(pn)

)
.

Proof. Since
∑∞

n=1 f(n) converges absolutely, the series ap =
∑∞

n=1 f(pn) converges
absolutely for every prime p. Also, the series

∑
p∈P

|ap| =
∑
p∈P

∣∣∣∣∣
∞∑
n=1

f(pn)

∣∣∣∣∣
6
∑
p∈P

∞∑
n=1

|f(pn)|

6
∞∑
n=1

|f(n)|

converges, so ∏
p∈P

(1 + ap) =
∏
p∈P

(
1 +

∞∑
n=1

f(pn)

)
converges absolutely and by Lemma 22 it converges.

Let ε > 0 and let N0 be an integer such that
∑∞

n=N0
|f(n)| < ε. Let P (n)

denote the greatest prime factor of n. Let N > N0. It follows that

∏
p∈P
p6N

(
1 +

∞∑
n=1

f(pn)

)
=

∑
P (n)6N

f(n)

and ∣∣∣∣∣∣∣∣
∞∑
n=1

f(n)−
∏
p∈P
p6N

(
1 +

∞∑
n=1

f(pn)

)∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣
∞∑
n=1

f(n)−
∑

P (n)6N

f(n)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑

P (n)>N

f(n)

∣∣∣∣∣∣ 6
∑

P (n)>N

|f(n)| 6
∑
n>N

|f(n)| 6 ε.
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3. The circle method

In this section, let k > 2, s > 2k + 1, N > 2k, P = [N
1
k ] and

F (α) =
P∑

m=1

e(αmk).

Then

rk,s(N) =

∫ 1

0

F (α)se(−αN)dα.

We want to estimate this integral. In order to do this, we will use Hardy’s and
Littlewood’s decomposition of unit interval [0, 1] into major and minor arcs.

Definition 7. Let 0 < ν < 1
5

and let a and q be integers such that 1 6 q 6 P ν ,
0 6 a 6 q and (a, q) = 1. Then

M(q, a) =

{
α ∈ [0, 1] :

∣∣∣∣α− a

q

∣∣∣∣ 6 1

P k−ν

}
is a major arc and

M =
⋃

16q6P ν

q⋃
a=0

(a,q)=1

M(q, a)

is the set of major arcs.
m = [0, 1] \M

is the set of minor arcs.

Lemma 24. The major arcs are pairwise disjoint.

Proof. Let a
q
6= a′

q′
and suppose that there exists α ∈ M(q, a) ∩M(q′, a′). Then

|aq′ − a′q| > 1 and

1

P 2ν
6

1

qq′

6

∣∣∣∣aq − a′

q′

∣∣∣∣
6

∣∣∣∣α− a

q

∣∣∣∣+

∣∣∣∣α− a′

q′

∣∣∣∣
6

2

P k−ν

which is a contradiction for P > 2 and k > 2.
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Lemma 25. λ(M) 6 2
Pk−3ν , where λ is the Lebesgue measure.

Proof. λ(M(1, 0)) = λ(M(1, 1)) = 1
Pk−ν

and for q > 2, (a, q) = 1 we have
λ(M(q, a)) = 2

Pk−ν
. Thus

λ(M) =
2

P k−ν +
∑

26q6P ν

q∑
a=0

(a,q)=1

2

P k−ν 6
∑

16q6P ν

q∑
a=0

(a,q)=1

2

P k−ν

=
2

P k−ν

∑
16q6P ν

ϕ(q) 6
2

P k−ν

∑
16q6P ν

q

6
2

P k−ν
P ν(P ν + 1)

2
6

2

P k−3ν .

3.1. The minor arcs

Theorem 26. Let k > 2 and s > 2k + 1. Then there exists δ1 > 0 such that∣∣∣∣∫
m

F (α)se(−Nα)dα

∣∣∣∣ 6 (2Kdk ν
4k2K2

60k!1+
ν

2K
4kK2

ν

) s−2k

K

h′kP
s−k−δ1 ,

where
h′k = 22k+1

dk ν
2Kk2

kk

Proof. By Dirichlet’s theorem with Q = P k−ν , for each number α there exists a
rational number a

q
with 1 6 q 6 P k−ν and (a, q) = 1 such that∣∣∣∣α− a

q

∣∣∣∣ 6 1

qP k−ν 6 min

(
1

P k−ν ,
1

q2

)
.

If α ∈ m, then α /∈M(1, 0) ∪M(1, 1), so

1

P k−ν < α < 1− 1

P k−ν

and 1 6 a 6 q − 1. Suppose that q 6 P ν . Then, since
∣∣∣α− a

q

∣∣∣ 6 1
Pk−ν

, it follows

that α ∈M(q, a) ⊆M, which is a contradiction. Therefore P ν < q 6 P k−ν .
Let K = 2k−1. By Weyl’s inequality with f(x) = αxk, we have

|F (α)| 6 2P 1+ε

(
dk ε

2k2K
k!ε

2kK

ε

) 1
K
(

30q

P k
+

32k!

P
+

8k!

q

) 1
K

6 2P 1+ε

(
dk ε

2k2K
k!ε

2kK

ε

) 1
K
(

30P k−ν

P k
+

32k!

P
+

8k!

P ν

) 1
K

6 2

(
dk ε

2k2K
60k!1+ε

2kK

ε

) 1
K

P 1+ε− ν
K .
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From Hua’s lemma we have∣∣∣∣∫
m

F (α)se(−nα)dα

∣∣∣∣ =

∣∣∣∣∫
m

F (α)s−2
k

F (α)2
k

e(−nα)dα

∣∣∣∣
6
∫
m

|F (α)|s−2
k

|F (α)|2
k

dα

6 sup
α∈m
|F (α)|s−2

k

∫ 1

0

|F (α)|2
k

dα

6

(
2

(
dk ε

2k2K
60k!1+ε

2kK

ε

) 1
K

P 1+ε− ν
K

)s−2k

hkP
2k−k+ε

Taking ε = ν
2K

and δ1 = ν(s−2k)
K
− (s− 2k + 1)ε > 0, we get

∣∣∣∣∫
m

F (α)se(−nα)dα

∣∣∣∣ 6 (2Kdk ν
4k2K2

60k!1+
ν

2K
4kK2

ν

) s−2k

K

h′kP
s−k−δ1 .

3.2. The major arcs

Lemma 27. Let v(β) =
∑N

m=1
1
k
m

1
k
−1e(βm). If |β| 6 1

2
, then

|v(β)| 6 4 min
(
P, |β|−

1
k

)
.

Proof. Let f(x) = 1
k
x

1
k
−1 for x > 0. f is positive, decreasing and continuously

differentiable. We have

|v(β)| 6
N∑
m=1

1

k
m

1
k
−1 6

∫ N

1

1

k
x

1
k
−1dx+ f(1) < N

1
k 6 2P.

If |β| 6 1
N

, then P 6 N
1
k 6 |β|−

1
k and |v(β)| 6 2 min

(
P, |β|−

1
k

)
.

If 1
N
< |β| 6 1

2
, then |β|−

1
k < N

1
k 6 2P . Let M =

[
1
|β|

]
. Then

M 6
1

|β|
< M + 1 6 N.
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Let U(t) =
∑

16n6t. By Lemma 5 we have |U(t)| 6 1
2‖β‖ = 1

2|β| and by Lemma 1∣∣∣∣∣
N∑

m=M+1

1

k
m

1
k
−1

∣∣∣∣∣ =

∣∣∣∣f(N)U(N)− f(M)U(M)−
∫ N

M

U(t)f ′(t)dt

∣∣∣∣
6

1

2 |β|

(
f(N) + f(M)−

∫ N

M

f ′(t)dt

)
=
f(M)

|β|
6

1

k |β|

(
1

2 |β|

) 1
k
−1

6
1

|β|
1
k

.

Therefore

|v(β)| 6
M∑
m=1

1

k
m

1
k
−1 +

N∑
m=M+1

1

k
m

1
k
−1

6M
1
k +

1

|β|
1
k

6
2

|β|
1
k

6 4 min
(
P, |β|−

1
k

)
.

Lemma 28. Let a and q be integers such that 1 6 q 6 P ν, 0 6 a 6 q and
(a, q) = 1. Let

S(q, a) =

q∑
r=1

e

(
ark

q

)
.

If α ∈M(q, a), then

F (α) =
S(q, a)

q
v

(
α− a

q

)
± 30P 2ν ,

where ±x denotes any number in the interval [−x, x].

Proof. Let β = α− a
q
. Then |β| 6 P ν−k and

F (α)− S(q, a)

q
v(β) =

P∑
m=1

e(αmk)− S(q, a)

q

N∑
m=1

1

k
m

1
k
−1e(βm)

=
P∑

m=1

e

(
amk

q

)
e(βmk)− S(q, a)

q

N∑
m=1

1

k
m

1
k
−1e(βm)

=
N∑
m=1

u(m)e(βm),
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where

u(m) =

{
e
(
am
q

)
− S(q,a)

q
1
k
m

1
k
−1 if m is a kth power

−S(q,a)
q

1
k
m

1
k
−1 otherwise.

Let y > 1. Since |S(q, a)| 6 q, we have

∑
16m6y

e

(
amk

q

)
=

q∑
r=1

e

(
ark

q

) ∑
16m6y

m≡r (mod q)

1

= S(q, a)

(
y

q
± 1

)
= y

S(q, a)

q
± q.

Furthermore, for t > 1, we have

U(t) =
∑

16m6t

u(m)

=
∑

16m6t
1
k

e

(
amk

q

)
− S(q, a)

q

∑
16m6t

1

k
m

1
k
−1

= t
1
k
S(q, a)

q
± q − S(q, a)

q
(t

1
k ± 1) = ±2q.

Finally, by Lemma 1∣∣∣∣∣
N∑
m=1

u(m)e(βm)

∣∣∣∣∣ =

∣∣∣∣e(βN)U(N)− 2πiβ

∫ N

1

e(βt)U(t)dt

∣∣∣∣
6 2q + 4π |β| q

∫ N

1

1dt

6 q(2 + 4π |β|N)

6 P ν(2 + 8πP ν−kP k) 6 30P 2ν .

Theorem 29. Let

S(N,Q) =
∑

16q6Q

q∑
a=1

(a,q)=1

(
S(q, a)

q

)s
e

(
−Na

q

)
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and

J∗(N) =

∫ P ν−k

−P ν−k
v(β)se(−Nβ)dβ.

Then ∫
M

F (α)se(−Nα)dα = S(N,P ν)J∗(N)± 4s+2sP s−k−δ2 ,

where δ2 = 1− 5ν > 0.

Proof. Let α ∈M(q, a), β = α− a
q

and

V = V (α, q, a) =
S(q, a)

q
v

(
α− a

q

)
=
S(q, a)

q
v(β).

Since |S(q, a)| 6 q, by Lemma 27 we have |V | 6 |v(β)| 6 4P . Let F = F (α).
Then |F | 6 P and |F − V | 6 30P 2ν by Lemma 28. It follows that

|F s − V s| = |F − V |
∣∣F s−1 + F s−2V + · · ·+ FV s−2 + V s−1∣∣

6 30P 2ν(4P )s−1s 6 2 · 4s+1sP s−1+2ν .

Since λ(M) 6 2P 3ν−k by Lemma 25, it follows that∫
M

|F s − V s| dα 6 4P 3ν−k4s+1sP s−1+2ν = 4s+2sP s−k−δ2 ,

where δ2 = 1− 5ν > 0. Therefore∫
M

F (α)se(−Nα)dα =

∫
M

V (α, q, a)se(−Nα)dα± 4s+2sP s−k−δ2

=
∑

16q6P ν

q∑
a=0

(a,q)=1

∫
M(q,a)

V (α, q, a)se(−Nα)dα± 4s+2sP s−k−δ2 .

If q > 2 ∫
M(q,a)

V (α, q, a)se(−Nα)dα

=

∫ a
q
+P ν−k

a
q
−P ν−k

V (α, q, a)se(−Nα)dα

=

∫ P ν−k

−P ν−k
V

(
β +

a

q
, q, a

)s
e

(
−N

(
β +

a

q

))
dβ

=

(
S(q, a)

q

)s
e

(
−Na

q

)∫ P ν−k

−P ν−k
v(β)se(−Nβ)dβ

=

(
S(q, a)

q

)s
e

(
−Na

q

)
J∗(N).
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If q = 1, we have V (α, 1, 0) = v(α) and V (α, 1, 1) = v(α− 1). Therefore∫
M(1,0)

V (α, q, a)se(−Nα)dα +

∫
M(1,1)

V (α, q, a)se(−Nα)dα

=

∫ P ν−k

0

v(α)se(−Nα)dα +

∫ 1

1−P ν−k
v(α− 1)se(−Nα)dα

= J∗(N).

Finally,∫
M

F (α)se(−Nα)dα

=
∑

26q6P ν

q∑
a=1

(a,q)=1

(
S(q, a)

q

)
e

(
−Na

q

)
J∗(N) + J∗(N)± 4s+2sP s−k−δ2

=
∑

16q6P ν

q∑
a=1

(a,q)=1

(
S(q, a)

q

)
e

(
−Na

q

)
J∗(N)± 4s+2sP s−k−δ2

= S(N,P ν)J∗(N)± 4s+2sP s−k−δ2 .

Theorem 30. Let

J(N) =

∫ 1
2

− 1
2

v(β)se(−βN)dβ.

There exists δ3 > 0 such that |J(N)| 6 16P s−k and J∗(N) = J(N)± 8P s−k−δ3.

Proof. By Lemma 27

|J(N)| 6 8

∫ 1
2

0

min
(
P, |β|−

1
k

)s
dβ

= 8

∫ 1
N

0

min
(
P, |β|−

1
k

)s
dβ + 8

∫ 1
2

1
N

min
(
P, |β|−

1
k

)s
dβ

6 8

∫ 1
N

0

P sdβ + 8

∫ 1
2

1
N

β−
s
kdβ

6 8P s−k + 8

(
1
2

)1− s
k −

(
1
N

)1− s
k

1− s
k

= 8P s−k + 8k
N

s
k
−1 − 2

s
k
−1

s− k
6 16P s−k
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and

|J(N)− J∗(N)| =
∫
P ν−k6|β|6 1

2

v(β)se(−Nβ)dβ

6 2

∫ 1
2

P ν−k
|v(β)|s dβ

6 8

∫ 1
2

P ν−k
β−

s
kdβ

= 8k

(
P k−ν) sk−1 − 2

s
k
−1

s− k
6 8P s−k−δ3 ,

where δ3 = v
(
s
k
− 1
)
> 0.

Lemma 31. Let α and β be real numbers such that 0 < β < 1 and α > β. Then

N−1∑
m=1

mβ−1 (N −m)α−1 = Nα+β−1Γ(α)Γ(β)

Γ(α + β)
± 2Nα−1

β
.

Proof. Let g(x) = xβ−1(N − x)α−1. g is positive and differentiable on (0, N) and
integrable on [0, N ]. Moreover, we have

∫ N

0

g(x)dx =

∫ N

0

xβ−1(N − x)α−1dx

= Nα+β−1
∫ 1

0

tβ−1(1− t)α−1dt

= Nα+β−1Γ(α)Γ(β)

Γ(α + β)
.

If α > 1, then

g′(x) = g(x)

(
β − 1

x
− α− 1

N − x

)
< 0,

so g is decreasing on (0, N) and

∫ N

1

g(x)dx <
N−1∑
m=1

g(m) <

∫ N−1

0

g(x)dx.
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Therefore

0 <

∫ N

0

g(x)dx−
N−1∑
m=1

g(m)

<

∫ 1

0

g(x)dx

=

∫ 1

0

xβ−1(N − x)α−1dx

6 Nα−1
∫ 1

0

xβ−1dx =
Nα−1

β
.

If 0 < β 6 α < 1, then g has a local minimum at

c =
(β − 1)N

α + β − 2
∈
[
N
2
, N
]
.

This means that g is decreasing for x ∈ (0, c), therefore

[c]∑
m=1

g(m) <

∫ c

0

g(x)dx

and
[c]∑
m=1

g(m) >
∫ [c]

1

g(x)dx+ g([c])

>
∫ c

1

g(x)dx

>
∫ c

0

g(x)dx− Nα−1

β
.

If x ∈ (c,N), then g is increasing, so

N−1∑
m=[c]+1

g(m) <

∫ N

c

g(x)dx

and
N−1∑

m=[c]+1

g(m) >
∫ N−1

[c]+1

g(x)dx+ g([c] + 1)

>
∫ N−1

c

g(x)dx

>
∫ N

c

g(x)dx− Nβ−1

α
.
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Therefore

0 <

∫ N

0

g(x)dx−
N−1∑
m=1

g(m) 6
Nα−1

β
+
Nβ−1

α
6

2Nα−1

β
.

Theorem 32. If s > 2, then

J(N) =
Γ
(
1 + 1

k

)s
Γ
(
s
k

) N
s
k
−1 ± csN

s−1
k
−1, where cs = (5e)s−2

s−2∏
j=1

Γ
(
j
k

)
.

Proof. Let

Js(N) =

∫ 1
2

− 1
2

v(β)se(−Nβ)dβ

for s > 2. We will compute this integral by induction on s. Since

v(β) =
N∑
m=1

1

k
m

1
k
−1e(βm),

it follows that

v(β)s =
1

ks

N∑
m1=1

· · ·
N∑

ms=1

(m1 · · ·ms)
1
k
−1e((m1 + · · ·+ms)β)

and

Js(N) =
1

ks

N∑
m1=1

· · ·
N∑

ms=1

(m1 · · ·ms)
1
k
−1
∫ 1

2

− 1
2

e((m1 + · · ·+ms −N)β)dβ

=
1

ks

∑
m1+···+ms=N

16mi6N

(m1 · · ·ms)
1
k
−1.

For s = 2, if we apply Lemma 31 with α = β = 1
k
, we get

J2(N) =
1

k2

N−1∑
m=1

m
1
k
−1(N −m)

1
k
−1

=
1

k2
Γ
(
1
k

)2
Γ
(
2
k

) N 2
k
−1 ± 2

k
N

1
k
−1

=
Γ
(
1 + 1

k

)2
Γ
(
2
k

) N
2
k
−1 ±N

1
k
−1
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as desired.
Let s > 2 and suppose that the theorem holds for s. Then

Js+1(N) =

∫ 1
2

− 1
2

v(β)s+1e(−Nβ)dβ

=

∫ 1
2

− 1
2

v(β)v(β)se(−Nβ)dβ

=

∫ 1
2

− 1
2

N∑
m=1

1

k
m

1
k
−1e(βm)v(β)se(−Nβ)dβ

=
N∑
m=1

1

k
m

1
k
−1
∫ 1

2

− 1
2

v(β)se(−(N −m)β)dβ

=
N∑
m=1

1

k
m

1
k
−1Js(N −m)

=
Γ
(
1 + 1

k

)s
Γ
(
s
k

) N−1∑
m=1

1

k
m

1
k
−1(N −m)

s
k
−1 ±

N∑
m=1

1

k
m

1
k
−1cs(N −m)

s−1
k
−1.

Applying Lemma 31 with α = s
k
, β = 1

k
to the first term and with α = s−1

k
, β = 1

k

to the second term, we get

N−1∑
m=1

1

k
m

1
k
−1(N −m)

s
k
−1 =

1

k

Γ
(
s
k

)
Γ
(
1
k

)
Γ
(
s+1
k

) N
s+1
k
−1 ± 2N

s
k
−1

and
N−1∑
m=1

1

k
m

1
k
−1(N −m)

s−1
k
−1 =

1

k

Γ
(
s−1
k

)
Γ
(
1
k

)
Γ
(
s
k

) N
s
k
−1 ± 2N

s−1
k
−1

Putting it together, we get

Js+1(N) =
Γ
(
1 + 1

k

)s
Γ
(
s
k

) (
1

k

Γ
(
s
k

)
Γ
(
1
k

)
Γ
(
s+1
k

) N
s+1
k
−1 ± 2N

s
k
−1

)

± cs

(
1

k

Γ
(
s−1
k

)
Γ
(
1
k

)
Γ
(
s
k

) N
s
k
−1 ± 2N

s−1
k
−1

)

=
Γ
(
1 + 1

k

)s+1

Γ
(
s+1
k

) N
s+1
k
−1

±

(
2N

s
k
−1Γ

(
1 + 1

k

)s
Γ
(
s
k

) +
cs
k

Γ
(
s−1
k

)
Γ
(
1
k

)
Γ
(
s
k

) N
s
k
−1 + 2csN

s−1
k
−1

)
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Using Lemma 2, we estimate the error term:

2N
s
k
−1Γ

(
1 + 1

k

)s
Γ
(
s
k

) +
cs
k

Γ
(
s−1
k

)
Γ
(
1
k

)
Γ
(
s
k

) N
s
k
−1 + 2csN

s−1
k
−1

6

(
2

Γ
(
1 + 1

k

)s
Γ
(
s
k

) + cs
Γ
(
s−1
k

)
Γ
(
1 + 1

k

)
Γ
(
s
k

) + 2cs

)
N

s
k
−1

6
(
2e+ ecsΓ

(
s−1
k

)
+ 2cs

)
N

s
k
−1

6
(
2ecsΓ

(
s−1
k

)
+ ecsΓ

(
s−1
k

)
+ 2ecsΓ

(
s−1
k

))
N

s
k
−1

= 5ecsΓ
(
s−1
k

)
N

s
k
−1 = cs+1N

s
k
−1.

3.3. The singular series

Definition 8. We define the singular series as

S(N) =
∞∑
q=1

AN(q),

where

AN(q) =

q∑
a=1

(a,q)=1

(
S(q, a)

q

)s
e

(
−Na
q

)
.

Lemma 33. The singular series converges absolutely and uniformly with respect
to N .

Proof. Let 0 < ε < 1
sK

. Since s > 2k + 1 = 2K + 1, we have

s

K
− 1− sε > 1 +

1

K
− sε = 1 + δ4,

where δ4 = 1
K
− sε > 0. By Theorem 17

|AN(q)| 6 2s
(
dk ε

2k2K
60k!1+ε

2kK

ε

) s
K q

q
s
K
−sε 6 2s

(
dk1−δ4K

2k2K2s

60k!1+
1−δ4K
Ks

2kK2s

1− δ4K

) s
K 1

q1+δ4
.

Lemma 34. Let q and r be integers such that (q, r) = 1. Then

S(qr, ar + bq) = S(q, a)S(r, b).
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Proof. Since (q, r) = 1, {xr : 1 6 x 6 q} = {1, . . . , q} and {yq : 1 6 y 6 r} =
{1, . . . , r}. Every residue modulo qr can be written uniquely as xr + yq, where
1 6 x 6 q and 1 6 y 6 r, so

S(qr, ar + bq) =

qr∑
m=1

e

(
(ar + bq)mk

qr

)

=

q∑
x=1

r∑
y=1

e

(
(ar + bq)(xr + yq)k

qr

)

=

q∑
x=1

r∑
y=1

e

(
(ar + bq)

qr

k∑
l=0

(
k

l

)
(xr)l(yq)k−l

)

=

q∑
x=1

r∑
y=1

e

(
(ar + bq)

qr
((xr)k + (yq)k)

)

=

q∑
x=1

r∑
y=1

e

(
a(xr)k

q

)
e

(
b(yq)k

r

)

=

q∑
x=1

e

(
axk

q

) r∑
y=1

e

(
byk

r

)
= S(q, a)S(r, b).

Lemma 35. If (q, r) = 1, then AN(qr) = AN(q)AN(r).

Proof. If (c, qr) = 1, then c ≡ ar + bq (mod q), where (a, q) = (b, r) = 1. From
Lemma 34 we have

AN(qr) =

qr∑
c=1

(c,qr)=1

(
S(qr, c)

qr

)s
e

(
−cN
qr

)

=

q∑
a=1

(a,q)=1

r∑
b=1

(b,r)=1

(
S(qr, ar + bq)

qr

)s
e

(
−(ar + bq)N

qr

)

=

q∑
a=1

(a,q)=1

r∑
b=1

(b,r)=1

(
S(q, a)

q

)s(
S(r, b)

r

)s
e

(
−aN

q

)
e

(
−bN

r

)

=

q∑
a=1

(a,q)=1

(
S(q, a)

q

)s
e

(
−aN

q

) r∑
b=1

(b,r)=1

(
S(r, b)

r

)s
e

(
−bN

r

)
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= AN(q)AN(r).

Definition 9. For any positive integer q, let MN(q) be the number of solutions of
the congruence

xk1 + · · ·+ xks ≡ N (mod q),

where xi are integers from the interval [1, q].

Lemma 36. Let s > 2k + 1. For every prime p, the series

χN(p) = 1 +
∞∑
h=1

AN(ph)

converges and

χN(p) = lim
h→∞

MN(ph)

ph(s−1)
.

Proof. The convergence of the series follows from Lemma 33. If (a, q) = d, then

S(q, a) =

q∑
x=1

e

(
axk

q

)
=

q∑
x=1

e

( a
d
xk

q
d

)
= d

q
d∑

x=1

e

( a
d
xk

q
d

)
= dS

(q
d
,
a

d

)
.

Since

1

q

q∑
a=1

e

(
am

q

)
=

{
1 if m ≡ 0 (mod q)

0 if m 6≡ 0 (mod q),

it follows that for any integers x1, . . . , xs

1

q

q∑
a=1

e

(
a(xk1 + · · ·+ xks −N)

q

)
=

{
1 if xk1 + · · ·+ xks ≡ N (mod q)

0 if xk1 + · · ·+ xks 6≡ N (mod q),
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so

MN(q) =

q∑
x1=1

· · ·
q∑

xs=1

1

q

q∑
a=1

e

(
a(xk1 + · · ·xks −N)

q

)

=
1

q

q∑
a=1

q∑
x1=1

· · ·
q∑

xs=1

e

(
a(xk1 + · · ·xks −N)

q

)

=
1

q

q∑
a=1

q∑
x1=1

e

(
axk1
q

)
· · ·

q∑
xs=1

e

(
axks
q

)
e

(
−aN
q

)

=
1

q

q∑
a=1

S(q, a)se

(
−aN
q

)

=
1

q

∑
d|q

q∑
a=1

(a,q)=d

S(q, a)se

(
−aN
q

)

=
1

q

∑
d|q

q∑
a=1

(a,q)=d

dsS
(q
d
,
a

d

)s
e

(−a
d
N
q
d

)

=
1

q

∑
d|q

q∑
a=1

(a,q)=d

qs

(
S
(
q
d
, a
d

)
q
d

)s

e

(−a
d
N
q
d

)

= qs−1
∑
d|q

AN

(q
d

)
.

Therefore ∑
d|q

AN

(q
d

)
= q1−sMN(q)

for q > 1. If we take q = ph, we have

1 +
h∑
j=1

AN(pj) =
∑
d|ph

AN

(
ph

d

)
= ph(1−s)MN(ph)

and

χN(p) = lim
h→∞

(
1 +

h∑
j=1

AN(pj)

)
= lim

h→∞
ph(1−s)MN(ph).

Lemma 37. If s > 2k + 1, then

S(N) =
∏
p∈P

χN(p).
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Moreover,

S(N) 6 2s
(
dk1−δ4K

2k2K2s

60k!1+
1−δ4K
Ks

2kK2s

1− δ4K

) s
K
(

1 +
1

δ4

)
.

for all N .

Proof. From Lemma 33 we know that the series
∑∞

q=1AN(q) converges absolutely
and from Lemma 35 we know that AN is multiplicative. Thus, Lemma 23 implies
that S(N) =

∏
p∈P χN(p). Using estimates from the proof of Lemma 33 we get

S(N) 6 c

∞∑
q=1

1

q1+δ4
6 c

(
1 +

∫ ∞
1

1

x1+δ4
dx

)
= c

(
1 +

1

δ4

)
,

where

c = 2s
(
dk1−δ4K

2k2K2s

60k!1+
1−δ4K
Ks

2kK2s

1− δ4K

) s
K

.

Lemma 38. There exists a prime
(

4c
δ4 log 2

) 1
δ4 6 p0 6 2

(
4c

δ4 log 2

) 1
δ4 such that

1

2
6
∏
p∈P
p>p0

χN(p)

for all N .

Proof. From Lemma 33 we know that

|AN(q)| 6 c

q1+δ4
,

where

c = 2s
(
dk1−δ4K

2k2K2s

60k!1+
1−δ4K
Ks

2kK2s

1− δ4K

) s
K

.

Therefore

|χN(p)− 1| 6
∞∑
j=1

∣∣AN(pj)
∣∣ 6 c

∞∑
j=1

1

pj(1+δ4)
=

c

p1+δ4
1

1− 1
p1+δ4

6
2c

p1+δ4

and

1− 2c

p1+δ4
6 χN(p)
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for all N and p. Now it suffices to find a prime p0 such that 1
2
6
∏

p∈P
p>p0

(
1− 2c

p1+δ4

)
which, by continuity of logarithm, is equivalent to log 1

2
6
∑

p∈P
p>p0

log
(

1− 2c
p1+δ4

)
.

Let us estimate the right-hand side of the last inequality. We will use the fact that
x
x+1

< log(1 + x) for all x > −1. Replacing x with − 1
x
, we get 1

1−x < log
(
1− 1

x

)
.

Thus

0 >
∑
p∈P
p>p0

log

(
1− 2c

p1+δ4

)

>
∞∑

n=p0+1

log

(
1− 2c

n1+δ4

)
>
∫ ∞
p0

log

(
1− 2c

x1+δ4

)
dx

>
∫ ∞
p0

1

1− x1+δ4
2c

dx

> −4c

∫ ∞
p0

1

x1+δ4
dx

= − 4c

δ4p
δ4
0

> log
1

2
.

Solving the last inequality, we get

p0 >

(
4c

δ4 log 2

) 1
δ4

.

Definition 10. Let p be a prime and let k = pτk0, where τ > 0 and (p, k0) = 1.
We define

γ =

{
τ + 1 if p > 2

τ + 2 if p = 2.

Fact 39. Let a, b, r be integers. Then r ≡ 0 (mod (a, b)) if and only if there exists
an integer v such that av ≡ r (mod b).

Proof. Assume that av ≡ r (mod b). This means that b|av − r, so (a, b)|av − r.
But (a, b)|a, so r ≡ 0 (mod (a, b)).

Let d = (a, b) and assume that r ≡ 0 (mod d). Let r0, a0 and b0 be integers
such that r = r0d, a = a0d and b = b0d. Then (a0, b0) = 1. We want to find v such
that b|av − r. This is equivalent to b0|a0v − r0, which in turn means that there
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exist integers v and w such that a0v − b0w = r0. This is true, since a0 and b0 are
relatively prime.

Lemma 40. Let h > 3. Then the subgroup of Z∗
2h

consisting of numbers congruent
to 1 modulo 4 is a cyclic group of order 2h−2 and 5 is its generator.

Proof. We want to show that 52h−2 ≡ 1 (mod 2h) and 52h−3 6≡ 1 (mod 2h), which
is equivalent to 2h|52h−2 − 1 and 2h - 52h−3 − 1.

52h−2 − 1 =
(

52h−3
)2
− 1

=
(

52h−3 − 1
)(

52h−3

+ 1
)

=
(

52h−4 − 1
)(

52h−4

+ 1
)(

52h−3

+ 1
)

= 4
(

520 + 1
)
· · ·
(

52h−3

+ 1
)

Each factor except the first one is congruent to 2 modulo 4 and so the conclusion
follows.

Lemma 41. Let m be an integer not divisible by p. If the congruence xk ≡ m (mod pγ)
is solvable, then the congruence yk ≡ m (mod ph) is solvable for every h > γ.

Proof. First assume that p is an odd prime. For h > γ = τ + 1, we have

(k, ϕ(ph)) = (k0p
τ , (p− 1)ph−1) = (k0, p− 1)pτ = (k, ϕ(pγ)).

Z∗
ph

is a cyclic group of order ϕ(ph) = (p−1)ph. Let g be a generator of this group.

Let xk ≡ m (mod pγ). Then (x, p) = 1 and there exist integers r and u such that
x ≡ gu (mod ph) and m ≡ gr (mod ph). Since h > γ, we have x ≡ gu (mod pγ) and
m ≡ gr (mod pγ). and so ku ≡ r (mod ϕ(pγ)). By Fact 39 r ≡ 0 (mod (k, ϕ(pγ)))
and r ≡ 0 (mod (k, ϕ(ph))). Again by Fact 39 there exists an integer v such that
kv ≡ r (mod ϕ(ph)). If we let y = gv, then yk ≡ m (mod ph).

Now assume that p = 2. Then m and x are odd. If k is odd, then τ = 0 and
γ = 2. Note that {yk mod 2h : y = 1, 3, . . . 2h − 1} = {1, 3, . . . , 2h − 1}, since
if yk1 ≡ yk2 (mod 2h), then 2h|yk1 − yk2 = (y1 − y2)(y

k−1
1 + · · · + yk−12 ). Therefore

the congruence yk ≡ m (mod 2h) is solvable for all h > 1. If k is even, then
τ > 1, γ > 3 and m ≡ xk ≡ 1 (mod 4). Also, xk = (−x)k, so we may assume
that x ≡ 1 (mod 4). By Lemma 40, we can choose integers r and u such that
m ≡ 5r (mod 2h) and x ≡ 5u (mod 2h). Then xk ≡ m (mod 2γ) is equivalent to
ku ≡ r (mod 2γ−2) and by Fact 39 r is divisible by (k, 2γ−2) = 2γ−2 = (k, 2h−2).
Again by Fact 39 there exists an integer v such that kv ≡ r (mod 2h−2). If we let
y = 5v, then yk ≡ m (mod 2h).
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Lemma 42. Let p be prime. If there exist integers a1, . . . , as, not all divisible by
p, such that

ak1 + · · ·+ aks ≡ N (mod pγ),

then

χN(p) >
1

pγ(s−1)
> 0.

Proof. Suppose that p - a1. Let h > γ. For each i = 2, . . . , s there exist ph−γ

distinct integers 1 6 xi 6 ph such that xi ≡ ai (mod pγ). Since the congruence

xk1 ≡ N − xk2 − · · · − xks (mod pγ)

is solvable with x1 = a1, it follows from Lemma 41 that the congruence

xk1 ≡ N − xk2 − · · · − xks (mod ph)

is also solvable. Thus
MN(ph) > p(h−γ)(s−1)

and by Lemma 36

χN(p) = lim
h→∞

MN(ph)

ph(s−1)
>

1

pγ(s−1)
> 0.

Lemma 43. If s > 2k for odd p or s > 4k for even p, then

χN(p) > pγ(1−s) > 0.

Proof. By Lemma 42 it suffices to show that the congruence

ak1 + · · ·+ aks ≡ N (mod pγ) (4)

is solvable in integers ai not all divisible by p. If N is not divisible by p and the
congruence is solvable, then at least one of the integers ai is not divisible by p. If
N is divisible by p, then it suffices to show that the congruence

ak1 + · · ·+ aks−1 + 1k ≡ N (mod pγ)

has a solution in integers. This is equivalent to solving

ak1 + · · ·+ aks−1 ≡ N − 1 (mod pγ).

In this case (N − 1, p) = 1. Therefore, it suffices to prove that, for N relatively
prime to p, the congruence

ak1 + · · ·+ aks ≡ N (mod pγ)
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is solvable in integers with s > 2k − 1 if p is odd and with s > 4k − 1 if p is even.
Let p be an odd prime and g be a generator of the group Z∗pγ . The order of

g is ϕ(pγ) = (p − 1)pγ−1 = (p − 1)pτ . Let (m, p) = 1. The integer m is a kth
power residue modulo pγ if and only if there exists an integer x such that xk ≡
m (mod pγ). Let m ≡ gr (mod pγ). Then m is a kth power modulo pγ if and only
if there exists an integer v such that x ≡ gv (mod pγ) and kv ≡ r (mod (p− 1)pτ ).
Since k = k0p

τ with (k0, p) = 1, it follows from Fact 39 that this congruence is
solvable if and only if r ≡ 0 (mod (k0, p− 1)pτ ), so there are

ϕ(pγ)

(k0, p− 1)pτ
=

p− 1

(k0, p− 1)

distinct kth powers modulo pγ. Let s(N) be the smallest integer s for which the
congruence (4) is solvable and let C(j) denote the set of all residues N modulo pγ

relatively prime to p such that s(N) = j. If (m, p) = 1, then the congruence

xk1 + · · ·xks ≡ N (mod pγ)

is solvable if and only if the congruence

xk1 + · · ·xks ≡ mkN (mod pγ)

is solvable, since we can multiply or divide both sides by mk. This means that the
sets C(j) are closed under multiplication by kth powers, so, if C(j) is non-empty,
then |C(j)| > p−1

(k0,p−1) . Let n be the largest integer such that the set C(n) is
non-empty. Let j < n and let N be the smallest integer relatively prime to p such
that s(N) > j. Since p is an odd prime, it follows that N−i is relatively prime to p
for i = 1 or 2 and s(N− i) 6 j. Since N = (N−1)+1k and N = (N−2)+1k+1k,
it follows that

j + 1 6 s(N) 6 s(N − i) + 2 6 j + 2

and so s(N − i) = j or j − 1. This implies that no two consecutive sets C(j) are
empty for j = 1, . . . , n and so the number of non-empty sets C(j) is at least n+1

2
.

Since the sets C(j) are pairwise disjoint, it follows that

(p− 1)pτ = ϕ(pγ) =
n∑
j=1

C(j) 6=∅

|C(j)| > n+ 1

2

p− 1

(k0, p− 1)

and so

n 6 2(k0, p− 1)pτ − 1 6 2k − 1.

Therefore, s(N) 6 2k − 1 if p is an odd prime and N is relatively prime to p.
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Now let p = 2. If k is odd, then every odd integer is a kth power modulo 2γ

(proved in the proof of Lemma 41), so s(N) = 1 for all odd integers N . If k is even,
then k = 2τk0 with τ > 1 and γ = τ + 2. We can assume that 1 6 N 6 2γ − 1. If

s = 2γ − 1 = 4 · 2τ − 1 6 4k − 1,

then the congruence (4) can be solved by setting ai = 1 for i = 1, . . . , N and ai = 0
for i = N + 1, . . . , s. Therefore, s(N) 6 4k − 1 if p = 2 and N is odd.

Theorem 44.

c1 6 S(N) 6 c2,

where

c1 =
1

2

(
4k

(
4c

δ4 log 2

) 1
δ4

)2
(

4c
δ4 log 2

) 1
δ4 (1−s)

and

c2 = 2s
(
dk1−δ4K

2k2K2s

60k!1+
1−δ4K
Ks

2kK2s

1− δ4K

) s
K
(

1 +
1

δ4

)
.

Moreover,

S(N,P ν) = S(N)± c

δ4
P−νδ4 .

Proof. From Lemma 37 we have the upper bound. By Lemma 38, there exists a

prime
(

4c
δ4 log 2

) 1
δ4 6 p0 6 2

(
4c

δ4 log 2

) 1
δ4 such that 1

2
6
∏

p∈P
p>p0

χN(p) for all N . Since

by Lemma 43

χN(p) > pγ(1−s) > 0

for all primes p and all N , it follows that

S(N) =
∏
p∈P

χN(p) >
1

2

∏
p∈P
p6p0

χN(p)

>
1

2

∏
p∈P
p6p0

pγ(1−s) >
1

2

∏
p∈P
p6p0

(2kp)(1−s)

>
1

2
(2kp0)

p0(1−s)

>
1

2

(
4k

(
4c

δ4 log 2

) 1
δ4

)2
(

4c
δ4 log 2

) 1
δ4 (1−s)

= c1 > 0,
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where

c = 2s
(
dk1−δ4K

2k2K2s

60k!1+
1−δ4K
Ks

2kK2s

1− δ4K

) s
K

.

To prove the last part, note that by Lemma 33, we have

|S(N)−S(N,P ν)| 6
∑
q>P ν

|AN(q)| 6 c
∑
q>P ν

1

q1+δ4
6 c

∫ ∞
P ν

1

x1+δ4
dx =

c

δ4P νδ4

Theorem 45 (Hardy–Littlewood). Let k > 2 and s > 2k + 1. Let rk,s(N) denote
the number of representations of N as the sum of s kth powers of positive integers.
There exists δ > 0 such that

rk,s(N) = S(N)Γ

(
1 +

1

k

)s
Γ
( s
k

)−1
N

s
k
−1

± 2

(
cs + 8c2 +

24c

δk
+ 4s+2s+mh′k

)
N

s
k
−1−δ,

with

c1 6 S(N) 6 c2,

where

m =

(
2Kdk δ

4kK2
60k!1+

1
10K

4K2

δ

) s−2k

K

h′k = 22k+1

dk δ
2Kk

kk

c = 2s
(
dk1−δK

2k2K2s

60k!1+
1
Ks

2kK2

1− δK
s

) s
K

c1 =
1

2

(
4k

(
4c

δ log 2

) 1
δ

)2( 4c
δ log 2)

1
δ (1−s)

c2 = c

(
1 +

1

δ

)
dε =

e
1
ε 21+ε

ε

cs = (5e)s−2
s−2∏
j=1

Γ
(
j
k

)
.
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Proof. Let δ0 = min(1, δ1, δ2, δ3, νδ4) and δ = δ0
k

. Note that δ0 6 νδ4 6 ν. By
Theorem 26, Theorem 29, Theorem 30, Theorem 32, Theorem 44 we have

rk,s(N) =

∫ 1

0

F (α)se(−Nα)dα

=

∫
M

F (α)se(−Nα)dα +

∫
m

F (α)se(−Nα)dα

= S(N,P ν)J∗(N)± 4s+2sP s−k−δ2 ±mh′kP s−k−δ1

=

(
S(N)± c

δ4
P−νδ4

)(
J(N)± 8P s−k−δ3

)
± 4s+2sP s−k−δ2 ±mh′kP s−k−δ1

= S(N)J(N)

± 8c2P
s−k−δ3 ± 16c

δ4
P s−k−νδ4 ± 8c

δ4
P s−k−δ3−νδ4

± 4s+2sP s−k−δ2 ±mh′kP s−k−δ1

= S(N)J(N)±
(

8c2 +
24c

δ0
+ 4s+2s+mh′k

)
P s−k−δ0

= S(N)
Γ
(
1 + 1

k

)s
Γ
(
s
k

) N
s
k
−1

± csN
s−1
k
−1 ± 2

(
8c2 +

24c

δ0
+ 4s+2s+mh′k

)
N

s
k
−1− δ0

k

= S(N)
Γ
(
1 + 1

k

)s
Γ
(
s
k

) N
s
k
−1 ± 2

(
cs + 8c2 +

24c

δk
+ 4s+2s+mh′k

)
N

s
k
−1−δ
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